ARITHMETICS OF RATIONAL GENERALIZED 
QUATERNION ALGEBRAS 


D. M. BROWN 


1. Introduction. A rational generalized quaternion algebra is a lin- 
ear associative algebra of order four and rank two, having a principal 
modulus Jo, ranging over the field of rational numbers. A basis 
(Io, ti, Iz, may be found? such that 


(1) Ii =a, = 68, ye = — a and 6 rational integers. 


An algebra in such form will be denoted by Q(a, 8), a number in it by 
(2) Q = aolo + + + rational, 
and its norm by 

2 2 2 2 
(3) N (Q) = do — ad; — Baz + aBaie. 
Q satisfies its rank equation 
(4) X? — 2a.X + N(Q) = 0. 


do is called the real part of Q. 

An arithmetic S of Q(a, 8) is a set of numbers having the following 
properties: 

C,: S is closed with respect to algebraic addition. 

Cn: S is closed with respect to multiplication. 

R: For every number of S, (4)has integral coefficients. 

U: S contains Jo, J; and (and hence by C,,). 

M: S is maximal; that is, S is contained in no larger set having 
Properties C,, Cn, Rand U. 

It is the purpose of this paper to determine a set of bases for the 
arithmetics of those algebras for which a and 6 contain no squared 
prime factors.” In any case, it has been proved? that for a given arith- 


1 Dickson, L. E., Algebren und thre Zahlentheorie, Zurich, 1927, pp. 43-44. The 
definition of an arithmetic is made there also. 

2 If a and 8 contain squared prime factors, the number of arithmetics varies with 
the form of those factors. See M. Eichler, Untersuchungen in der Zahlentheorie der 
rationalen Quaternionalgebren, Journal fiir die reine und angewandte Mathematik, vol. 
174 (1936), p. 149, Theorem 12. 

3 Latimer, C. G., The classes of integral sets in a quaternion algebra, Duke Mathe- 
matical Journal, vol. 3 (1937), pp. 246-247, §7. On pages 237-238, §2, of this reference 
is stated a theorem giving necessary and sufficient conditions that a basis of Q(a, 8) 
be a basis of an arithmetic of Q(a’, B’). 
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metic S in the algebra, a basis (I¢, I, I/, If If) can be found such 
that I/? =a’, IZ? =’, If Ig = , a’ and B’ containing no squared 
prime factors, and such that the given arithmetic is an arithmetic of 
Q(a’, B’). The problem of determining bases for the arithmetics of 
such algebras has been solved by Latimer when a=8=1 (mod 2), 
and by Darkow® when a=8=0 (mod 2). Darkow’s results can be ex- 
tended to apply to the remaining cases (when a+8=1 (mod 2)).® All 
possible cases are treated in this paper, with greatly simplified re- 
sults.” 

Albert® has shown that every rational generalized quaternion di- 
vision algebra Q(a, 8) may be transformed into Q(r, a), in which 7 
and @ have special properties. Concerning the treatments by Latimer 
and Darkow (similar to that used in this paper) Albert writes:* 

The - - - division into special cases is certainly not desirable. Nor is it necessary. 
For it is obvious that at least an attempt should be made to show that transforma- 
tions carrying all cases into a canonical form are possible, and it is this canonical form 


which should be studied. --- In particular, it is evident that the integral sets of S 
should contain the integers of the realm R(z). 


Concerning the above quotation, a few comments seem pertinent. 
Albert’s results are readily obtainable from the results of this paper 
or those of Latimer and Darkow. His canonical form is not unique, 
and the number (two) of arithmetics obtained by it is, in general, 
much less than the number of arithmetics as defined by this paper. 
There being no essential difference between the Uasal elements I; 
and Jz, or, for that matter, J,J2, there seems to be little reason for 
requiring that the integers of the realm R(J:) be contained in an in- 
tegral set (arithmetic) in preference to those of realms R(J2) or 
R(iiJ2). Albert’s results apply only to division algebras, while those 
of Latimer and Darkow and the writer apply to all algebras. The 
norm of a number of Q(a, 8), given in (3), being of a form of great 
interest in number theory, it would seem particularly useful to have 


4 Latimer, C. G., Arithmetics of generalized quaternion algebras, American Journal 
of Mathematics, vol. 48 (1926), pp. 57-66. 

5 Darkow, M. D., Determination of a basis for the integral elements of certain gen- 
eralized quaternion algebras, Annals of Mathematics, (2), vol. 28 (1926), pp. 263-270. 

6 Latimer, C. G., On the class number of a quaternion algebra with a negative funda- 
mental number, Transactions of this Society, vol. 40 (1936), p. 320. 

7 The writer is greatly indebted to Dr. Claiborne G. Latimer for valuable sugges- 
tions enabling much greater simplification than he had previously obtained. 

8 Albert, A. A., Integral d ins of rational generalized quaternion algebras, this 
Bulletin, vol. 40 (1934), pp. 164-176. 

® Albert, A. A., loc. cit., p. 165. The z used there is the same as the J used in this 
paper. 
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available a method of obtaining the arithmetics of an algebra ex- 
pressed in terms of parameters a and 6 which yield that exact norm. 
Clearly Albert’s canonical form would not suffice, so that methods of 
treatment as given here are conceivably not only useful but necessary. 

As mentioned above, the method of treatment in this paper is simi- 
lar to that used by Latimer and Darkow, the work being more direct 
in some places.’° 


2. Notations, transformations and definitions used. The letters 7, s 
and ¢ will be used exclusively to denote permutations of 1, 2, and 3. 
Let (g—1)(g+1) =0 such that 


(5) _ }1 if the number of inversions of (rst) is even, 
otherwise. 

Let the g.c.d. of a and 6 be 

(6) (a, B) = yz (positive or negative) 


and a= Let 
(7) = 


so that from (1), ?=—y.7:, and I,J,=gy:l:. From the results of 
Latimer and Darkow, it can easily be shown that J; is in each arith- 
metic, as are J; and Jz. Hence from (6) and (7), Ji, Iz, and J; are 
formaliy identical, as are the ’s, the latter being formally identical 
to their negatives. Q(a, 8) will hereafter be written in the symmetric 
notation 
(8) O(v1, Ys) = O(a, 8). 
Making the unitary transformation 

to = glo, i= gl;, = gl, iz = gli, 
(9) 


Yr = Ys = Ye = &3, 


one has 77 = —a,a, and 7,1, = gayi:, which is abstractly identical with 
(9). O(v1, Y2, Y3) now becomes Q(ay, a2, a3). After proper change of 
sign of the y’s, one finds that y; is odd or even, y,=1 (mod 4), 7; is 
odd, and y,=1 (mod 4) if y; is odd. Choosing 


(10) =¢ 


Q(a1, a2, a3) is such that 


10 Latimer and Darkow obtain their results for Q(a, —8). Each mentions a “tenta- 
tive” process for obtaining bases. See Latimer, loc. cit., footnote 3, pp. 61 and 65; 
Darkow, loc. cit., p. 263 and p. 267 ff. 
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(11) as = 6 (mod 26), a: =1 (mod 4), a; = az (mod 2(3 — 8)). 


In what follows, it will be assumed that (9) has been made so that 
(11) holds. All other symbols introduced hereafter will represent in- 
tegers, unless they are obviously not integers. The parameters 0, m, k, 
n, A,, B,, & and H;, used frequently hereafter, and most easily de- 
termined in the order given, are defined by the following, each being 
unique save m and H;: 

0: as=0 (mod 20); (@—1)(@—2) =0. 

m: (0-+a2-+mas) =2—8 (mod 46) ; (m—1)(m-+1) [(@—1)m(m+2) 
+2-—6]=0. 

k: 2(m?+m+1)k=(m+1)(m+2)."4 

n: kn?—n=0. 

fhe, B,: a,=A,B,, and 


A; B, 
B, positive and a minimum.!” 

&: £ is the number of prime factors (all distinct) of A1A2A3. 

Hi;: + 012013 + 01301) = —1 (mod A,A2A3), 
If H; is even, then Hf =H;+A1A2A; is odd. Let f;=(1—2m) and 
fs=20k—2k+2. Then if A2Bi:H} ¥f; (mod fs), it can be shown that 
H}' =H} +AiA2A3is such that A2B,H}’ =f; (mod fs). Since H;, H}, 
and H}’ are all in the same residue class, modulo A1A2A;3, it follows 
(and will be so assumed hereafter) that H; may always be chosen such 
that (f7 is odd and fs is even, so H; will be odd) 


(12) A2B,H; = fr (mod fs). 
The following symbols will also be used: 
fi = (2 — O)kn, fo = (On — 2n + 2), fz = k(m + On — 2n), 
(13) fe=(2—0)(m—2n—k+1) +n, fo = (2m — On —k+ 2), 
fe = (0 — 1)(m — 2k +2), fr = (1 — 2m), fe = 20k — 2k +2, 


If e=1—k, then k may also be defined by (01-2) (a2-+- a3) a1) 
=8e (mod 16). See Latimer, C. G., On the fundamental number of a rational generalized 
quaternion algebra, Duke Mathematical Journal, vol. 1 (1935), p. 435, theorem and 
second footnote. 

12 In these conditions 


is the Legendre symbol for quadratic residues. 
18 This congruence has exactly £ distinct solutions. See Dickson, L. E., Introduc- 
tion to the Theory of Numbers, University of Chicago Press, 1929, p. 12, Theorem 16. 


| 
() 
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oH jt, te ji1 + ji2 
14) M; = 
(14) i i= 2AiAs 
3. The fundamental form of a number Q in an arithmetic. From 
the relations given by (2), (3), (7) and (9), a number in Q(a1, a, as) 
is such that 


Q = boio + biti + dete + 
N(Q) = bo + + + 
(the b’s rational). By Property Cu, if Q is in S, then so are Qio, Qu, Qin 
and whose real parts are bo, —arashi, —az01b2 and —aa2b3, re- 


spectively, and by Property R and (4), one may write 2b5>=Xo, 
2b,a,0:= X,, so that (15) becomes 


(15) 


1 Xot X31 
+ + = + =|, 
2 A203 301 
(16) 2 2 2 
1 2 Xi Xe X3 
4 


and, by Property R, 


(17) + + + O (mod 
Using (11), (17) becomes equivalent to 


+ + a2X2 + = 0 (mod 46) 


(18) 2 2 
if also a,X, + a,X, = 0 (mod ay). 


Let 5, be any prime factor of a;. If 5; divides X,, it also divides X,. 
But if (X,, 5;)=1, then there exists an integer p, such that p,X,=1 
(mod 6,). Hence from (18), (mod &:), a, 
=0 (mod 6;), or (p,a,X,)?=—a,a, (mod Hence 


and from (13), X, may be prime to each factor of A:, but must be 
divisible by each factor of B;, and hence by B,; itself. Therefore B; 
divides X, and X,, and one may write 


(19) Xo = Xo, XxX; = B,B:x,, 


and (16) and (18) become, respectively, 
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(20) 2 2 2 
1 2 B3B,x2 B, Box; 
N@ =— E + | 
4 AoA; 
and 
2 2 2 2 
(21) + 1%, + + a3x3 = (mod 48), 


(A,B,x,) = — a,04x, (mod 


Hereafter, the numbers xo, x1, x2, x3 will be referred to as the coordi- 
nates of a number Q, in S, and (20) will be called the fundamental 
form of Q in S. Using the definition of H; to obtain a,a,Hj =—1 
(mod A,), and multiplying both members of (21b) by H?, one obtains 
(A,B,H ;x,)? = —a,a,Hjx2 =x? (mod A,), or, reducing to linear con- 
gruences, x,=A,B,(+H,;)x, (mod A,). Now if H; is a solution of its 
congruence, then —H; is another, distinct from H;, and one may 
finally write 


(22) x, = gA,B,H ;x, (mod 


where g is defined as in (5). Hence from (20), (21) and (22) one con- 
cludes: 


THEOREM I. If a number Q is in an arithmetic, it is necessary that it 
have the form (20), whose coordinates satisfy (21a) and (22). 


4. Analysis of the conditions imposed on the coordinates of a num- 
ber Q of fundamental form lying in an arithmetic. It can be shown 
that two numbers of fundamental form have Property C, if and only 
if their coordinates satisfy (22) for the same value of j. Hereafter H; 
will be replaced by H whenever the value of is fixed in an argument. 
Let Q. and Q, be in an arithmetic, and hence satisfy (22) for the same 
value of 7. Then by Property Cn, Q:Q, must also lie in S. A study of 
the coordinates of this new number reveals that in addition to (21a) 
and (22), the following conditions must hold :" 


+ + + a3X3y3 = 0 (mod 26), 
+ + yors + = (mod 2), 

xove + Yox2 + yax1 + X3y1 = 0 (mod 2), 

O(xovs + Yoxs) + yix2 — = O (mod 286). 


(23) 


4 Here begins the direct method, as opposed to the “tentative” process of Latimer 
and Darkow. See footnote 10. 
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Exhaustive analysis of (21a), (22) and (23) further reveals that the 
conditions that must hold in order for Q, and Q, to have property M 
are as follows: 


xo = [(2 — + (6 — 1)km] 
+ (2 — 0)(1 — m)x2 + (6 — 1)x3 (mod 2), 
(24) x, = 0 (mod 6 + k — 6k), 
% = (1 — 2m) x2 + 2mxo (mod Ok + 26 — 2k), for fixed n, 
x3 = (2 — 6)[(1 — x1 + x2] (mod 3 — 8) 


(25) = B,H(Aexe A3%3) (mod A2A3), x2 = A;B.Hx; (mod A), 


which is equivalent to (22). Letting Po, P:, P2, and P; be arbitrary 
integers, the f’s integers as defined in (13), and M; and N; as in (14), 
then (24) and (25) can be reduced to 

to = 2Po t+ fiPi + + Ps, 

+ + fsA20,H)P2 + (feAcAs — A;B,H)P3, 
= fsAiP2 + AsB,HP3, 

v3 = P3, for fixed n. 


(26) 


Substituting these in (20a) one has 
= Poio + 4(frto + fots)Pi + + fais) + 


27 

( ) + [3 fei: + N;]Ps, j=1,2,---,&. 
Now let 


Usain = 3(fsto + fats) + fsMi, Usin = + Ni. 
(27) then becomes 
(29) = + + P2U2 + PsUs. 


All such numbers, for a fixed j and n, form an integral set of numbers 
with (28) as a basis. Since (28) is equivalent to (26) and (20) com- 
bined, and since (26) and (20) establish necessary and sufficient con- 
ditions that Properties C,, Cn, R and M hold, and it is easily shown 
that 7, 72 and 73 are of the form (29), so that Property U holds, it 
follows that (28) gives the bases of the algebra—one for each value of j 
and n. But m has k+1 values, and j has values. By use of the inverse 
of the unitary transformation (9), and of (7), it is clear that the arith- 
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metics of Q(a1, a2, a3) are also the arithmetics of Q(7y:1, Y2, Ys) and of 
Q(a, 8). Hence 


THEOREM II. The numbers of (28) constitute the bases for the arith- 


metics of Q(o1, a2, a), of Y2, Ys), and of B). There are 2*€ 
such arithmetics. 


The number of arithmetics agrees with that determined by Latimer 
and Darkow, and the bases were checked by applying the theorem 
mentioned in footnote 3. In this theorem the fundamental number d 
of the algebra is used. By a known result" 


d= +2'*B,B,B;, 


the sign being positive if a1, a, a; are all of the same sign, and nega- 
tive otherwise; that is, according as N(Q) (see (3)) is a definite or 
indefinite form. It is also known that Q(a, 8) is a division algebra if 
and only if d~ —1." 


5. The method of writing down the arithmetics of Q(a, 8), or of 
Om, Ye, ¥3), a and 8 containing no squared prime factors. By use of 
(7) and (9), and a few new symbols, the arithmetics may readily be 
written down in terms of the original basis, (Jo, Ji, I2, iJ2). Let the 
following definitions and order of procedure be made: 

(a) (a, 8B) (positive or negative), so that a= —y273, 

(b) y-=T,A,, and 


A, a positive minimum and (rst) a permutation of (123). 

(c) Arrange 71, Y2, Y3 (changing signs of all simultaneously if neces- 
sary) and determine so that y,=0 (mod 26), y,=1 (mod 4), 7-=7. 
(mod 2(3—6@)). 

(d) Then determine m so that (mod 46), 
(m—1)(m+1)[(@—1)m(m+2)+2—6]=0. 

(e) Determine k and m such that 2(m?+m+1)k=(m+1)(m-+2), 
and kn?—n=0. 

(f) Determine fi, fe, - - - , fg according to Table I. 

(g) Determine the £ solutions H; (j=1, 2,---, &) of (yyetve7s 
+~sy:)H} =—1 (mod TiT.T3), being the number of prime factors 
of T:T.T;. If any H; is even, replace it by H;+TiT.T; to make it odd. 


4% Latimer, C. G., loc. cit., footnote 11. See §1, next to last paragraph, and the 
corollary to the theorem on page 435. 
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If then any H; be such that T',A,H;#f; (mod fs), replace it by 
H;+TViT2F; and find that T,A,H;=f; (mod fs). 

(h) Then determine Vojn, Vijn, V2jn, Vajn, as the desired bases, for 
each value of j and n, where 


Io + fel, 


2 
+ fal, 7-H jl, + I, 
30 Vein = ’ 
(30) 2 > + fs or, 
2 


(i) Finally, replace a3Z; by IiJ2, giving the final forms. 
Hull has solved the problem of determining a set of bases for all 


TABLE I 
0 1 1 1 2 2 2 2 2 2 
m |—1 1 1 1 1 0 0 —1 --2 
k 0 1 1 1 1 1 1 0 0 
nN 0 0 1 0 1 0 1 0 0 
fi 0 0 1 0 0 0 0 0 0 
Se 2 2 1 2 2 2 2 2 2 
ts 0 1 0 1 1 0 0 0 0 
ts 0 1 0 1) 1 0 1 0 0 
fs 2 1 2 1 1 1 1 2 2 
te 0 0 0 1 1 0 0 1 0 
fi 3 -1 -1 -1 -1 1 1 3 5 
fe 2 2 2 4 4 4 4 2 2 


the arithmetics of division algebras, by showing that every arith- 
metic may be obtained from some one of an infinite number of canoni- 
cal generations of the algebra (merely a non-unitary transformation 
of units carrying a and B into a’ and 8’ having special properties). 
Latimer has obtained similar results without the restriction that the 
algebras be division algebras. However, the method of determining 
which canonical generations will give the arithmetics for a given un- 


16 Hull, Ralph, The maximal orders of generalized quaternion division algebras, 
Transactions of this Society, vol. 40 (1936), pp. 1-11. 
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altered a and £ is not stated in either paper. Hull showed that the 
canonical forms determined by Albert® are special cases of his canoni- 
cal generations. 

One problem remains to be solved, namely a method of writing 
down the arithmetics of Q(a, 8) when a and 8 contain squared prime 
factors. 


UNIVERSITY OF ILLINOIS 


A NOTE ON MAXIMUM MODULUS AND THE ZEROS 
OF AN INTEGRAL FUNCTION 


S. M. SHAH 
Let f(z) be an integral function of finite order p20, let M(r, f) 
= M(r) =max;.\-, |f(z)|, and let (r, f) =n(r) be the number of zeros 
of f(z) in | 2| <r and on its circumference. I have discussed elsewhere! 
the behaviour of g(r) =log M(r)/n(r), as r— ©, and have proved that 
for every canonical product function f(z) 


log M 
(1) 
r=0 n(r)o(r) 
where $(r) is any positive L function? such that 
(2) f < A = const. 


The question arises how large and how small g(r) and G(r) 
=T(r, f)/n(r) can be, where T(r, f) = T(r) is the Nevanlinna charac- 
teristic function for f(z). I prove in this note the following result. 


THEOREM. Given p20 and (x) any positive function such that 


log ¥(x) 
lim sup 
logx 


p. 
There exists an integral function F(z) of order p for which 


T(r, F) 
ims = 
F) 


and an integral function f(z) of order p for which 
_ 


Proor. We shall first construct an integral function f(z) of order p 
for which 


1 (i) A theorem on integral functions of integral order, Journal of the London Mathe- 
matical Society, vol. 15 (1940), pp. 23-31. (ii) On integral functions of integral or zero 
order, to be published. (iii) On integral functions of perfectly regular growth, Journal 
of the London Mathematical Society, vol. 14 (1939), pp. 293-302. 

2 For definition see G. H. Hardy, Orders of Infinity, 1924, p. 17. 
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log M(r, 
(4.1) tim int DVO _ 
r= n(r, f) 
from which (4) will follow. Let 


where we may suppose without loss of generality thatn/ >0. Weknow 
that as Let be the upper bound of for t2r. Then 
monotonically as r— ©, and Se¥t Let and 


(4 + p) log Xx 


=. 28, n= 3,4,5,---; 
k = [p] +1; 

m= 2 =1,2,3,---; 


1 


It is easily seen that f(z) and F(z) are canonical products. Further, 
n(An, f) --- and hence 


log n(r, log k + log up 
log r n=© log An 


Hence f(z) is an integral function of order p. Let now x=. Then 


log f(x) = Fe log {1 + (=)"} 


n=1 


kp, 
+ log log {1 + (=) 
m+1 


= 2, + log 2+ 23. 


m+1 n m+1 


< m log {2(Am) 


We have 


Hence for m= mp, 


log f(x) < 2m{log 2 + kum—1 log Am} 
S exp {log um—1 + 2 log log hati 
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x) lo 
S exp {(o + m,,) log Am + log um—1 + 2 log log Xm — log um} 
< exp { (0 + mm) log Am + log + 2 log log \m 


— (op + 2nm + (4 + p) log Xm-1/log Xn) log Xm + O(1)}, 
and the last expression tends to zero with 1/m. Hence 


log M(r, 
lim inf log f) = 0 
n(r, f) 
which proves (4.1). Further 
Wk 


Hence F(z) is an integral function of order p. Let now r= 3X2". Then 


¥ 


ar, F) = Mbit fer) + ) 


n—1 


< exp log k + log + ? 
n—1 


1 
log M(3r, F) > £, log (1 + =) 


= A exp + log + 


for n=no. Hence?® 
log M(3r, F) 


p 
A n 1 An n— 
nr, FW) > A exp {( +. ) og log fn-1 


1 
—(pt+ log A, — log 2) + 
= A exp \. log An — log f,-1 — _ log An + ow} 
= A exp {2m log An + (4 + p) log An-1 


(= + «-1) log log An O(1) 


3 A denotes a positive constant. 


= 
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and the last expression tends to infinity with . Hence 
log M(3r, F) 
sup = 
r=0 = F)(r) 


and so 
T(r, F) 


lim sup ——————- = © 
r=2 ¥(r)n(r, F) 
Finally, I must thank Dr. T. Vijayaraghavan for helpful criticisms. 
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SEPARABILITIES OF ARBITRARY ORDERS AND 
RELATED PROPERTIES! 


R. G. LUBBEN 


For the case of a metric space Gross" established the equivalence 
of the following to each other and to »ther properties: (1) each point 
set is separable; (2) each uncountable point set contains a condensa- 
tion point of itself.? Sierpifiski has shown that for a space S Fréchet 
these two properties are not equivalent; also, he gives properties 
which are equivalent to (1) or to (2). These properties involve count- 
able collections, and, thus, are concerned with the smallest transfinite 
cardinal. Appert* generalizes by considering extensions to greater car- 
dinals. He shows that certain of these properties imply others, but 
gives examples to show that they are not equivalent.5 In a recent 
paper the author showed the equivalence of the following properties 
for the case of a space H Fréchet: (3) each uncountable point set con- 
tains a limit point of itself; (4) each uncountable point set either 
contains a condensation point of itself or is separable.* This result 
supplements Sierpifiski’s work by showing that property (3), which 
for the case of metric spaces is equivalent to (1) and (2), isa common 
basis for them in that it necessarily involves elements of either the 
one or of the other. In Theorem 2 property (3) is shown to be a neces- 
sary and sufficient condition for properties which involve for each 
point set M cardinals “as close as one pleases” to the power of M in 


1 Presented to the Society, December 27, 1939, under the title Separabilities of 
higher orders and related properties. 

1 Cf. W. Gross, Zur Theorie der Mengen in denen ein Distanzbegriff definiert ist, 
Sitzungsberichte der Kaiserlichen Akademie der Wissenschaften, part IIa, vol. 123 
(1914), p. 801. 

2 References to contributions by Fréchet may be found in his Espaces A bstraits 
et Leur Théorie Considérée Comme Introduction a4 l’ Analyse Générale, Paris, 1928. The 
reader is referred to this treatise for definitions. 

3 W. Sierpifiski, Sur l’équivalence de trois propriétés des ensembles abstraits, Funda- 
menta Mathematicae, vol. 2 (1921), pp. 179-188. His results hold for more general 
spaces than the spaces S he mentions. 

4A. Appert, Propriétés des Espaces Abstraits les Plus Généraux, Actualités Sci- 
entifiques et Industrielles, nos. 145 and 146, Paris, 1934, pp. 82-88. These extensions 
are considered in our Theorem 3. 

5 In Uber hiherstufige Separabilitat und Kompaktheit, Japanese Journal of Mathe- 
matics, vol. 8 (1931), p. 114, Haratomi considers similar properties for the case of a 
metric space, for which they are equivalent; thus, his work is a generalization of 
Gross’s. 

6 Concerning limiting sets in abstract spaces 11, Transactions of this Society, vol. 43 
(1938), p. 487. 
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connection with such concepts as separability of higher orders, the 
density in M of its limit points of higher orders, the extension of the 
Cantor-Bendixson theorem, and the “almost” perfect compactness of 
M. In Theorem 1 similar equivalences are established for orders 
which are not less than an arbitrary regular cardinal a, provided that 
the following holds: (3’) each point set of power @ contains a limit 
point of itself. Note that if a is the smallest transfinite cardinal, then 
(3’) is a corollary of (3); and, if (3’) holds for a certain cardinal, it 
holds for greater cardinals. While our definitions differ from those of 
Appert, they yield a more systematic theory. 

Definitions. If a is a cardinal,’ the point set M is said to be strongly 
a-separable provided that there exists N such that (1) V¥> M>N, and 
(2) either N is countable or its power is less than® a. If a is the power 
of M and M is strongly a-separable, we say that M is semi-separable. 
Thus, for a point set whose power a is aleph-one, the properties sepa- 
rability, semi-separability, and strong a-separability are equivalent. 
If M isa point set, P is a point, and a is the smallest cardinal, 8, such 
that there exists a neighborhood of P, U, for which the power of 
U-(M—P) is B, then P is a limit point of M of order a. Thus, an iso- 
lated point of M has order zero; a limit point has an order greater 
than zero; a condensation point has an order greater than aleph-zero; 
a complete limit point of M has an order equal to the power of M. 
In a space H Fréchet a limit point has an infinite order; at the end of 
this paper we give examples of spaces V Fréchet in which there exist 
limit points of finite orders. A point of M which has an order less 
than a is called an a-isolated point of M. The point set M is said to be 
almost perfectly a-compact in itself provided that if a and 6 are cardi- 
nals, M > N, a< power of N, and 5<power of N, then there exists in 
M a limit point of N of an order at least as great as 5. M is almost 
perfectly compact in itself provided that if M>WN and 64 is a trans- 
finite cardinal which is less than the power of N, then M con- 
tains a limit point of N of an order at least as great as 5; if, instead, 
we require that 6 be the power of N, then M is perfectly compact in 
itself. Thus, a countable set is almost perfectly compact in itself. 
Because of the equivalence of properties (6) and (1) of Theorem 2, 
if M is almost perfectly compact in itself, the same property holds 


7In this paper zero and the positive integers are included among the cardinals 
and the ordinals. Also, according to our usage, finite or vacuous sets are countable. 
For the properties of transfinite numbers see F. Hausdorff, Grundziige der Mengen- 
lehre, Leipzig, 1914. 

8 If (2) is modified as follows, M is a-separable: Either N is countable or its power 
is not greater than a; cf. Appert, loc. cit., p. 83. 


1940] SEPARABILITIES AND RELATED PROPERTIES 915 


for each of its subsets; an analogous proposition does not hold for 
perfectly compact sets. Consider the properties of M: (a) it is per- 
fectly compact in itself; it is almost perfectly a-compact in itself, 
(b) for a=aleph-zero, or (c) for a=aleph-one; (d) it is almost perfectly 
compact in itself. Then (c) and (d) are equivalent; for, if N is an un- 
countable subset of M and 6<power of N, there exists a transfinite 
cardinal 6; such that 6 < 6, < power of N; the conclusion follows. Each 
element of the sequence (a), (b), (c) implies any that follows it, but 
implies none that precede it. However, for a countable set in a space 
H Fréchet (a) and (b) are equivalent. The following interpretation is 
suggestive: In (d) the power of N is the “upper bound” of the orders 
of the limit points of N which belong to. M; in (a) this bound is 
attained. 


THEOREM 1. Let a be a regular cardinal which is greater than aleph- 
zero, T be a space V Fréchet in which the operation of derivation of point 
sets is distributive,® and the symbol M denote an arbitrary point set in 
T. Then the following properties are equivalent. 

(1) Each point set of power a contains a limit point of itself. 

(2) Each point set either is strongly a-separable, or it contains a limit 
point of itself which has an order not less than a. 

(3) If M has a regular power B and a<B, then either M is semi- 
separable or B is the power of each of the following subsets of M: (a) that 
of all non-B-isolated points of M; (b) that of all complete limit points 
of M which belong to M. 

(4) Each point set is almost perfectly a-compact in itself. 

(5) Let aS. (a) The power of the set of all isolated points of M is 
less than B; (b) the power of the set of all B-isolated points of M is not 
greater than B; (c) if B< power of M, then M and the set of its non-B- 
isolated points have the same power.'° 


ProoF. Clearly, the properties (2) to (5) imply (1). Suppose that 
E is a point set for which (2) does not hold. Then, for each point P 
of E there exists a subset D(P) of E such that P is not an element of 
the closure of E—D(P), P « D(P), and the power of D(P) is less 
than a. Let T be a well-ordered sequence of the elements of E and 6 


® For example, (E+ F)’=E’+ F’; this is equivalent to assuming that Hausdorff’s 
Axioms A and B hold in T. Cf. Fréchet, loc. cit., pp. 172, 173, and 181; and Appert, 
loc. cit., pp. 23-27. A cardinal a is regular if it is not the sum of fewer than a cardinlas, 
each of which is distinct from zero and is less than a; cf. W. Sierpifiski, Hypothése du 
Continu, Warsaw and Lwow, 1934, p. 152. With different hypotheses Appert obtains 
a result similar to part (5); loc. cit., p. 90. 

10 8 is not necessarily regular. 
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be the smallest ordinal in the number class" Z(a). We shall define a 
well-ordered sequence U=(qi, ge, Gus Qutts * » ) Where 
B<6. 

Proceed as follows: Let q: be the first element of 7. Let 8 be an 
ordinal which is greater than unity and is less than 5; suppose that g. 
has been defined for all ordinals x <8, and let Ug, be the set of all 
such q,’s; let Ss=>_D(q.), for x<B. Let gs be the first point of T 
which does not belong to the closure of Sz. 

We shall show that gg exists for all ordinals 8 < 6. For, if there exist 
B’s for which this is not true, there exists a smallest one, say A. Then 
each point of E belongs to the closure of S,. Then the power of Uj 
and the powers of each of the sets D(g.) for x <X are each less than a. 
Since @ is regular, the power of S, is less than a. Then, in contradic- 
tion to our supposition, E is strongly a-separable. Thus, \ does not 
exist, and the power of U is a. 

By definition gg is not a point or a limit point of Ss > Us. Further, 
Sss1, which contains D(gg), contains no point of U— Ug41; thus gg is 
not a limit point of the latter. Since the operation of derivation is dis- 
tributive and U=qs+ Us+(U— Us41), it follows that all points of U 
are isolated in U. This contradicts (1); thus (1) implies (2). 

Let K be the set of all non-8-isolated points of M, and suppose that 
the power of K is less than 8. Then the power of M—K=L is B. Since 
L contains no limit point of itself of an order as great as 8, it follows 
by (2) that there exists a subset H of L which is dense in L and hasa 
power less than 8. Then H+K is dense in M and has a power less 
than 8. Thus, M is semi-separable, and (2) implies (3a); (3b) is (3a) 
for the case 8 = power of M. 

Suppose that (4) does not hold. Then there exist two point sets, 
M and N, and two cardinals, 6; and €, such that a<6,=power of N, 
€<fi, M2 N, and N has no limit point in M of an order as great as e. 
Let €, be the smallest cardinal which is greater than e¢, 6 be the larger 
of a and «, and 6 be the smallest ordinal in the number class Z(8). 
Then 6 is regular and does not exceed f;. Let F be a subset of N 
having the power 8; since N > F, M contains no limit point of F of an 
order as great as e. We shall define a well-ordered collection G of sub- 
sets of F such that the order type of G is 6: G=(Fi, Fo, ---, Fa, 

-, Fn,---), where m<6. 

Proceed as follows: Let T be a well-ordered sequence of all subsets 
of F, and Fy be the null set. Suppose that m is an ordinal such that 
m <6and F, has been defined for all ordinals x which are less than m; 


1 Cf., F. Hausdorff, loc. cit., pp. 124-125. 
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let 2n=)_F-, for x<m; let Fn be the first element of T which has a 
power less than 8, which is a subset of F—2,, and which is dense in 

Suppose that the order type of G is \, where \ < 6. Since 8 is a regu- 
lar cardinal, it follows that the power of 2, is less than 8, and that 
of F—2) is B. Since F contains no limit point of itself of an order as 
great as €, it follows from (2) that F— 2) is strongly B-separable. Then 
F, exists; and the supposition that \ exists involves a contradiction. 

Let \ be the smallest ordinal in the number class Z(e), P ¢ Fy, and 
U be a neighborhood of P. Let x and y be ordinals such that x<y<X. 
Then 2,> F,; since F—2,> F,, the product F,- F, is vacuous. Since 
2,2 2., F—2,> F—Z,> F,; then F, is dense on F,. Thus for 
the product U- F, is nonvacuous. Hence, the power of U- 2 is at least 
as great as e. Thus, we are involved in a contradiction, and (2) im- 
plies (4). 

Property (1) implies (5a). Let M, be the set of all B-isolated points 
of M, and suppose that its power exceeds 8. Let £8, be the smallest 
cardinal which is greater than 8. Then §; is regular, and by (4) each 
subset of M, having power f, contains a limit point of itself of order at 
least as great as 8. Thus, we are involved in a contradiction; and (4) 
implies (5b), which implies (5c). Since (1) and (4) are equivalent, 
(4) implies (5). 


THEOREM 2. In a space V Fréchet in which the operation of derivation 
of point sets is distributive, the following are equivalent: 

(1) Each uncountable set contains a limit point of itself. 

(2) Each point set either contains a condensation point of itself, or it 
is separable. 

(3) Each point set which has a regular power either is semi-separable, 
or it contains a complete limit point of itself. 

(4) Each point set either is separable, or it has the same power as the 
set of all its condensation points which belong to it. 

(5) Each point set which has a regular power either is semi-separable 
or it has the same power as the set of all its complete limit points which 
belong to it. 

(6) Each point set is almost perfectly compact in itself. 

(7) Part (5) of Theorem 1 holds for each transfinite cardinal B such 
that aleph-zero <B. 


ProoF. This may be established by letting the a of Theorem 1 be 
aleph-one. In particular, to establish (4) apply the following parts of 
Theorem 1: (a) Part (3b), if aleph-one = power of M; (b) part (Sc), if 
aleph-one < power of M. 
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THEOREM 2A. The following modification of Theorem 1 is permissi- 
ble: (1) Allow a to be any regular cardinal which is greater than unity; 
(Il) replace the property “M is strongly a-separable” by the following: 
“there exists N such that N2 M>N and that the power of N is less 
than a.” 


Note that the only finite cardinal which satisfies (I) isa=2. Except 
for obvious modifications, the proof is like that of Theorem 1. Note, 
however, the following: In considering the proof for (3) for the case 
power of M=2, let Pe M- M’; then M—P is dense in M. 

The following theorem gives relations between Appert’s work and 
ours. 


THEOREM 3. Let B be transfinite, a be the cardinal which is next great- 
est to 8, and T be a space V Fréchet. Each of the following implies prop- 
erty (1) of Theorem 1.” 

(1) T is B-perfectly separable. 

(2) Each point set in T is B-separable. 

(3) Each point set in T possesses the Lindeléf property of order B. 

(4) Each point set of T is B-condensed in itself.* 


Comment. If M is a point set in the space T of Theorem 1 and 
a<=)<power of M, then by (4) of that theorem M contains a limit 
point of itself of an order at least as great as \; that is, the upper 
bounds of the aggregates of the orders of the limit points which are 
involved in property (1) are the powers of the sets M concerned. 
Further, if (1) holds for a given cardinal, it and the properties equiva- 
lent to it hold for all greater cardinals. If a is an arbitrary cardinal 
which is greater than unity, whether finite or transfinite, the following 
example establishes the existence of a space T such that a is the 
smallest cardinal for which (1) holds relative to T. 

Let a and 6 be cardinals such that a<§; let Sag be a space whose 
points are the elements of an aggregate, of power 6, and in which the 
set U is a neighborhood of the point P if and only if the following 
conditions hold: (1) P « U; (2) the power of the complement of U is 


12 The converse is not true. Note that in Theorem 1 we have the additional hy- 
pothesis that the operation of derivation of point sets be distributive. 

13 Property (1) means that T has a basis of a power that does not exceed 8. Prop- 
erty (3) means that if a collection G of sets covers the point set M, then there exists H 
such that G2 H, H covers M, and the power of H does not exceed 8. The set M is 
B-condensed in itself provided that if a is the smallest cardinal which is greater than 8, 
M > K and power of K =a, then there exists a point P of M such that if U is a neigh- 
borhood of P then a is the power of the product of K and the interior of U. Cf. 
Appert, loc. cit., pp. 82-88. 
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less than a, and is zero if @ is finite. The following are properties of 
this space: (A) if a2Zaleph-one, no point set of power a or greater is 
strongly a-separable; (B) if a< and power M=, then M is strongly 
h-separable; (C) if a< power M, then each point of M is a complete 
limit point of M; thus property (1) of Theorem 1 holds; (D) if a is the 
smallest transfinite cardinal, the space is perfectly compact; (E) if a 
is transfinite, the space is a space H Fréchet; (F) the space satisfies 
the hypothesis of Theorem 1, for a any cardinal.“ To establish (A) 
let power N, power N <a, Pe (M—N); then P+(S.s—N) 
is a neighborhood of P, and P is not a limit point of N. To establish 
(B) let M> N, a<power M, aSpower N<power M, Pe (M—N), 
and U be a neighborhood of P; then power of N-(Sas—U) <a, and 
N- Uis nonvacuous; thus P is a limit point of N and N is dense in M. 
A consideration of the property “almost perfect compactness” sug- 
gests the question: Does there exist a space in which each infinite 
point set contains a complete limit point of itself? F. B. Jones gave 
an answer in the affirmative by suggesting the example in (D). If a 
is finite, each nonvacuous point set in S,g contains a complete limit 
point of itself. 

In Theorem 2, part (2), we consider two alternative properties, of 
which not more than one is required for each point set. For each of 
these properties Sierpifiski® gave an example of a space in which each 
point set has the given property, but not the alternative property. 
By taking the sum of his two spaces we have one in which the prop- 
erty that holds for a point set varies with the set. It would be inter- 
esting to give an example of a space for which (2) holds and for which 
each point set that satisfies one of the alternative conditions but not 
the other has a subset relative to which the converse is true. 


THE UNIVERSITY OF TEXAS 


4 Cf. Appert, loc. cit., p. 25, and Fréchet, loc. cit., p. 186. 
16 Loc. cit., Fundamenta Mathematicae, vol. 2. 


CESARO SUMMABILITY OF ORDINARY 
DOUBLE DIRICHLET SERIES 


JOHN G. HERRIOT 


1. Introduction. The purpose of this paper is to obtain some re- 
sults in the Cesaro summability of ordinary double Dirichlet series 
similar to those obtained by H. Bohr' for the simple series. As is 
well known a double sequence {5S,,} may tend to a finite limit as 
m, n— ©? without S,,. being a bounded function of m and n. In order 
to avoid difficulties in this respect and to obtain results analogous to 
those for simple series, the discussion will usually be restricted to 
bounded sequences. 

Let >-o.n-1%mn be a double series of constant terms. Set 


t=1 


(1) F j=1 
i=l j=1 


The double series is said to be summable (C, 7, s) with summability 
value S if Sir!s!/mn*—S as m, n—. It is bounded (C, 7, s) if 
Smr's!/m'n* is bounded for all m and n. It is summable-bounded 
(C, r, s) if it is both summable (C, r, s) and bounded (C, 7, s). In case 
the u,, are functions of complex variables x and y similar definitions 
can be set up for uniform summability, uniform boundedness, and 
uniform summability-boundedness (C, 1, s). 

G. M. Merriman? has given the definition of summability (C, r, s) 
of a double series in a slightly different form. But our means differ 
from his only by a factor which is bounded and tends to one as 
m, n— «. Consequently the two definitions are equivalent. 

By means of Robison’s‘ generalization of the Silverman-Toeplitz 


1 Bohr, H., Bidrag til de Dirichlet’ske Raekkers Theori, Dissertation, Copenhagen, 
1910; Uber die Summabilitat Dirichletscher Reihen, Nachrichten von der Gesellschaft 
der Wissenschaften zu Géttingen, 1909, pp. 247-262; Sur la série de Dirichlet, Comptes 
Rendus de l’Académie des Sciences, Paris, vol. 148 (1909), pp. 75-80. 

? Throughout this paper m, n—> «© means m and n tend to infinity simultaneously 
but independently. 

3 Merriman, G. M., A set of necessary and sufficient conditions for the Cesdro sum- 
mability of double series, Annals of Mathematics, (2), vol. 29 (1928), pp. 343-354. 

* Robison, G. M., Divergent double sequences and series, Transactions of this So- 
ciety, vol. 28 (1926), pp. 50-73 (p. 53). 
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theorem, it is easily shown that summability-boundedness (C, r—1, s) 
(or (C, r, s—1)) implies the same (C, 1, s). 

In §2 of the present paper we give some general lemmas on sum- 
mable series which are mostly generalizations of theorems of Bohr. 
These are used in §3 to deduce a number of interesting theorems on 
summability of ordinary double Dirichlet series. We define associated 
abscissas of summability-bounded (C, r, s) and in §4 give some theo- 
rems showing relations between them. 


2. Preliminary lemmas. The following lemmas will be useful. 


LeMMA 1. Let )oey_:t¢mn(x, y) be uniformly summable (C, r,s) for x 
and y in every Di and Df respectively for which D{ and Di are closed 
and contained in the domains D, and Dz respectively, and let tumn(x, y) 
(m,n=1,2,3,---) be regular analytic functions of x and y for x in D, 
and y in D2. Then the series represents by its summability value S(x, y) 
an analytic function regular for x in D,, y in D2. Moreover the series 
may be differentiated partially termwise arbitrarily often for x in D,, 
y in Dz. The series 


m=1,n=1 


is summable (C, r, s) for x in Dy, y in D2, and indeed uniformly for x 
and yin every Di and Di respectively, to the function 0?*4S(x, y) 
(p, q=0, 1, 2, ). 


LEMMA 2. Let Fmn(x, => where c=c(m) is a func- 
tion of m defined as a positive integer for positive integral m, and which 
increases monotonely with m, and let the following four conditions be 
satisfied: 

(A) v;(x)| <v;, x in domain D, (i=1, 2, 3,---); 

(B) | converges uniformly in 

(C) | -Y¥mns(y) | <K (constant), y in domain D, (m,n,i=1,2,3,---); 

(D) lity =Yi(y) uniformly in Dz (i=1, 2, 3,--- ). 
Then Frnn(x, y) is uniformly bounded for x in D,, y in D2 for all mand n, 
and, as m, n— ©, tends uniformly to the sum of the uniformly absolutely 
convergent series 


v(x) yi(y). 


i=l 
If the v; and Ymni are constants, a similar lemma can be stated 
omitting all references to uniformity and dropping (A). 


Lemma 3. Let Fnn(x, y) =) Where c=c(m) and 
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d=d(n) are functions of m and n, respectively, like c(m) of Lemma 3, 
and let the following conditions be satisfied: 


(A) | S04, x in domain D, (i=1, 2, 3, 
(Az) w;(y)| <w;, y in domain D; (j=1, 2, =); 
v;(x)| converges uniformly in D,; 


(Bs) converges uniformly in Dz; 

(C) SK (constant) (m, n, i, j=1, 2, 3, ---); 

(D) 7=1, 2, 3,---). 
Then Frn(x, y) is uniformly bounded for x in D,, y in Dz for all m and n, 
and, as m,n—> ©, tends uniformly to the sum of the uniformly absolutely 


Again if the »; and w; are constants a similar lemma can be stated 
omitting all references to uniformity and dropping (A). 

We may omit the proofs of these lemmas since they are analogous 
to those of Bohr.5 


Lemna 4. Let be bounded (C, r, s) and let { } and 
{Ba(y) } be sequences of functions of the complex variables x and y which 
satisfy the conditions: 

(Ax) |am(x)| <Km, x in domain D; (m=1, 2,3,---); 

(As) |Bn(y)| y in domain Dz (n=1, 2, 3,---); 
(Br) | converges uniformly in D, (p=1, 2, 3, 

»r+1); 
(B,) 7 |A%8,(y) | converges uniformly in Dz (q=1, 2, 3, 
-, $+1); 

(Cy) =0, x in Dy; 

(C2) lim,..Ba(y) =0, y in De. 
Then the series > nn=iUmnOm(x)Ba(y) is uniformly summable-bounded 
(C, 7, s) for xin Dy, y in Ds. 


If the a,, and 8, are constants, a similar lemma can be stated omit- 
ting all references to uniformity and dropping (A). 

For simplicity of notation we shall indicate the proof of this simpler 
lemma. Let 77%, be formed from Spin from > 
First we obtain the following relation between Ty, and Sy,: 


r+1,s+1 


(2) Tan = 


p=0,qg=0 


where 


5 Bohr, loc. cit., Dissertation, pp. 53-60. 
AP? atm = Om — +(—1)?amyp. 


7 C,,9 denotes the binomial coefficient r!/p!(r—p)!. 
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m—p 


i=l 


(3) 


= Bj, q=1,2,3,---,s+1, 
j=l 
m—p,n—q 


i=1,j=—1 


if or or both, then P,,.,,¢,m,n =0. 
The proof is by induction on 7 and s successively making use of the 
relation (for induction on 1) 


Next we evaluate lima... By hypothesis 
| m,n=1,2,3,---. 


Considering separately the various terms of (2) multiplied by 
r's!/m'n*, we can show that all terms except that for which p=r+1, 
qg=s+1 tend to zero and are bounded. For example, in case 
p=1, 2, 3,---,7r+1, and g=0, we use Lemma 2 (modified) choos- 
ing 
c=m—p, 

and taking up the remaining factors in Ymni- Then Ymai—0 as m, n— © 
and conditions (B), (C), and (D) of Lemma 2 are satisfied. In case 
p=1, 2,3,---,r+1 and g=1, 2, 3,---,s+1, we apply Lemma 3 
(modified). The term for which p=r+1, g=s-+1 is thus seen to be 
bounded and to tend to a finite limit not necessarily zero as m, n>. 
This completes the proof of the (modified) lemma. 


3. Double Dirichlet series. We now make use of the lemmas of §2 
to prove some theorems concerning the summability of the ordinary 
double Dirichlet series 


(5) >> Omn/m*n". 


m=1,n=1 


THEOREM 1. If the double Dirichlet series (5) is bounded (C, r, s) for 


= 
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the place (xo, yo), then it is summable-bounded (C, r, s) for every place 
(x, y) for which® R(x) > R(xo) and R(y) > R(yo).® 


Proor. Let x=x9+6, y=yotn, R(5)>0, R(n)>0. We apply 
Lemma 4 (modified) taking 


= Omn/m*n*, am =1/m', Ba=1/n", = 


Then limn.. &m=lim,.. 8.,=0. Also, using the method of Bohr,’ 


m+1 a,+1 
Bram = 9-1) f da, 


@p-1t+1 @p-1t+1 da, 
day-1 
J arts 


ap—2 


Hence m?-1|A?am| <|5||5+1] --- |5+p—1| -1/m'*®® (p=1, 2, 3, 

- , +1), so that condition (B,) of Lemma 4 is satisfied. Likewise 
(Bz) is satisfied. By the remark following Lemma 4, Theorem 1 fol- 
lows. 

Even if (5) is summable-bounded (C, r, s) for the place (xo, yo), 
it does not necessarily follow that it is summable-bounded (C, r, s) 
for every place (xo, y) for which R(y)>R(yo), or for every place 
(x, yo) for which R(x)>R(xo). For let r=s=0 and let an=-—1, 
a1,=1/n(n—1) (n=2, 3, 4,---), @m=2(—1)™ (m=2, 3, 4,---), 
(m, n=2, 3, 4,---). Then 
(m, n=1, 2, 3,---). Hence for x =y=0 the series (5) is convergent- 
bounded with sum zero. But for x =0, y =1 the series fails to converge 
for 


00 Gi; 1 (— 
= = (— 1)" + 
2, PG + 1) n* 


which tends to no limit as m, n> ©. 

From Theorem 1 we deduce the existence of associated abscissas 
of summability-bounded (C, r,s), that is, numbers such that (5) 
is summable-bounded (C, 1, s) in the associated domains R(x) >),, 
R(y) >. and not summable-bounded (C, 1, s) in the associated do- 
mains R(x) R(y) 


8 R(x) denotes the real part of x. 

® This theorem and Theorems 3 and 7 bear some resemblance to but are not the 
same as Theorem IV of Merriman, Concerning the summability of double series of a 
certain type, Annals of Mathematics, (2), vol. 28 (1927), pp. 515-533. Cf. M. Gurney, 
Ceséro summability of double series, this Bulletin, vol. 38 (1932), pp. 825-827. 

10 Bohr, loc. cit., Nachrichten von der Gesellschaft der Wissenschaften zu Géttin- 
gen, pp. 248-249. 
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The question arises whether the series (5) has associated abscissas 
of summability (C, r, s) (the condition of boundedness not being im- 
posed), that is, whether there exists a pair of numbers ;, wu, such 
that the series is summable (C, r, s) at all (x, y) for which R(x) >)/, 
R(y)>us, and is not summable (C, 7, s) at any (x, y) for which 
R(x) <d/ , R(y) <u; . The answer is not in general in the affirmative. 
The following is an example of a series which is convergent but un- 
bounded at x=y=0, but at all other places it fails to converge 
and at all places it is not summable (C, 7, s) for any positive in- 
tegral r and s. Let a1,= —d2,=m" (n=1, 2, 3,---), —Gm2=m”™ 
(m=3, 4,5,--+), Gmn =O (m, n=3, 4,5,---). Then 


T m,n = 3,4,5,---. 
j=l i=3 


If x=y=0, these S®, are all 0, but otherwise the required limit does 
not exist. The evaluation of Sz, is too involved to give here, but for 
all r>0, s>0, all (x, y), Sh,r!s!/m'n* tends to no finite limit as 
m,n ©, 

That such behavior is exceptional is shown by 


THEOREM 2. If the double Dirichlet series (5) is summable (C, 1, s) 
in a domain D of the two complex variables x and y, it is bounded 
(C, r, s) at each point of this domain. 


Leja'! has given a similar theorem concerning the convergence of 
general double Dirichlet series. Our theorem may be proved by a 
method analogous to his. The first step is to show that if the series (5) 
is summable (C, r, s) at the points (xo, y), where %o is fixed and y 
runs over a plane domain d, then, for j7=1, 2, 3,---, the series 
are bounded (C, r). 


THEOREM 3. A double Dirichlet series (5) having a pair of associated 
abscissas of summability-bounded (C, 1, S) Xr, Ms 1s uniformly summable- 
bounded (C, r,s) for x and y in every pair of associated regions D, and Dz 
defined by the relations D,: R(x) | x| SE; D2: R(y)2us+€, 
| y| SE, € and E being arbitrary finite positive numbers. 


Proor. Let x9 =A,+€/2, yo=ust+e/2, and let x be in Dy, y in Dz. 
The proof is now similar to that of Theorem 1 except that we apply 
Lemma 4 as stated. 


THEOREM 4. If X,, uw, are a pair of associated abscissas of summabil- 


11 Leja, F., Sur les séries de Dirichlet doubles, Comptes-Rendus du 1mier Congrés 
des Mathématiciens des Pays Slaves, Warsaw, 1929, pp. 140-158. 
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ity-bounded (C, r, s) of the double Dirichlet series 


(6) Omn/m*n*, 


m=2 


then d,, Ms are also a pair of associated abscissas of summability- 
bounded (C, 1, s) of 


where a and B are arbitrary complex numbers, and conversely. 


ProoF. Clearly it suffices to show that, if (6) is summable-bounded 
(C, r, s) for (xo, yo), then (7) is summable-bounded (C, r, s) at every 
(x, y) for which R(x) > R(x) and R(y) >R(yo). To prove this we take 
x=xotd, y=yot+n, R(6)>0, R(n)>0, and apply Lemma 4 (modi- 
fied) with 


Unn = Omn/m*n, an = (log m)*/m*, B, = (log n)?/n", 
Umn&mPn bus mn, 


Then p ae is summable-bounded (C, 7, s) and condition (C) is 
satisfied. Again, using the method of Bohr’? 


m+1 ai+1 
Aan = (— ao, daz--- 
a1 


ap-1t1 dp (log a,y)* 
f dap-1 f dap, 
a,-, 4a? 


a 
P 
?=1,2,3,---,r+1. 


Now the integrand in the last integral is easily shown to be the sum of 
a finite number of terms of the form a constant times (log a,)7/a?**. 
Also (log ay)”/a®®? is bounded for ap=2. Hence m?-!|A?am| is not 
greater than a constant times 1/m'!+2®/2, so that condition (B:) and 
similarly (Bz) of Lemma 4 are satisfied and the desired result follows 
at once. 


THEOREM 5. A series (5) having a pair of associated abscissas of 
summability-bounded (C, 1, 5) +r, Us represents by its summability value 
an analytic function f(x, y) regular in the associated half-planes 
R(x) >d,, R(y) >us. The series may be differentiated partially termwise 
arbitrarily often in these half-planes, that is, the double Dirichlet series 


12 Bohr, loc. cit., Dissertation, p. 83. 


m=2,n=2 m=2 
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Gmn(— log m)?(— log 
m=1,n=1 
is again summable-bounded (C, r, s) in the same associated half-planes 
to the function *f(x, y)/dx?dy* (p, g=0, 1, 2,---). 
This theorem follows immediately from Theorems 3 and 4 and 
Lemma 1. 


A theorem similar to Theorem 5 can be stated and proved for term- 
wise integration of (5) within its domain of summability-bounded. 


THEOREM 6. The analytic function defined by the summability value 
(C, r, s) of (5) forms the analytic continuation of the analytic function 
defined by the sum of the series in a pair of associated half-planes, 
R(x) > Xo, R(y) of convergence-bounded (provided that do, wo are 
not also associated abscissas of summability-bounded (C, r, s)). 


This is clear from the consistency of the Cesaro mean transforma- 
tion. 


THEOREM 7. If the series (5) is bounded (C, r+1, s) for (xo, yo), then 
itis summable-bounded (C,r1,s) for every (x, y) for which R(x) >R(xo) +1 
and R(y) > R(yo). 


Proor. Let x=x9+1+5, y=yot+n, R(5)>0, R(n) >0. Set 
Unn = am = B,=1/n, = 
Let be formed from from (5). Then 


| + | < K, m,n = 1, 2, 3, 


Since = we have 


r+1,8 
| Smart's! < | (| | + | Mr | < 2K/(r + 1), 
m™*\n*(r + 1) 
m,n = 1, 2,3,--- 


We have to prove that T7j,r!s!/m'n* is bounded for all m and m and 
tends to a finite limit as m, n—> ©. The proof is now similar to that of 
Lemma 4 except that in applying Lemmas 2 and 3 we take 0; =7?A?a, 
instead of 


Coro.uary. If are a pair of associated abscissas of summa- 
bility-bounded (C, r, s) of (5), there exists a pair of associated abscissas 
of summability-bounded (C, r+1, s) Ms Such that 
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4. Associated abscissas of summability-bounded. Leja‘* has given 
a number of theorems showing the relationship between the associ- 
ated abscissas of convergence-bounded of general double Dirichlet 
series. We now generalize the content of these theorems for the case 
of ordinary double Dirichlet series to obtain relations between the 
associated abscissas of summability-bounded (C, r, s) of the series (5). 
For simplicity of notation we set 


log | Smar!s!/m'n’ | 
A = lim sup , 
, log m + yu, log n 
where is formed from 

THEOREM 8. If },>0 and u,>0 and if A <1, then the series (5) is 
summable-bounded (C, r, s) for every (x, y) for which R(x)>d, and 
R(y) > 

Proor. Let x=A,+ 6, +7, R(6) >0, R(n) >0. Choose but 


less than the minimum of R(6)/2d, and R(n)/2u,. Then there exists 
K(e) such that 


| | < Km 


Ar(1+e) ps(1+e) 
n 


m,n = 1,2,3,---. 


Form 7,5, from (5) and set 

than = Gun, =1/m?, = 
It suffices to prove 7,3,r!s!/m*n* is bounded for all m and m and tends 
to a finite limit as m, n—>«. The proof is now similar to that of 


Lemma 4 except that in applying Lemmas 2 and 3 we take 
0; =1? "Ara; Prt+RO/2 instead of 1?—1A?a;. 


THEOREM 9. If \,>0 and u,>0 and if the series (5) is summable- 
bounded (C, s) for all (x, y) for which R(x) >d, and R(y) >ps, then 
Asi. 


Proor. Let any e>0 be assigned. Then (5) is summable-bounded 
(C, r, s) for x=d,(1+6€/2), y=u.(1+€/2). Set 


= Omn/m*n", Am = mM’, = = Omn- 


Forming SZ, from and 7,5, from n-1%mn and inter- 
changing 77%, and S,, in (2) we obtain finally 


(8) | | | ? 


mn* 


13 Leja, F., loc. cit. 


r 
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where now the P,,s,p,¢,m,. involve the 7% in place of the Sj. Since 
| <K (constant) (m, n=1, 2,3, --- ), itis easily skown 
that each term of the right member of (8) is dominated by K’m?n¥."4 
Hence 


re res zy 
| Snar!s!/mn | < K"m'n" = K"m" 


Consequently there exists N such that for all m, n for which m+-n>N 


rs rs us(1+e) 
| Snar!s!/mn|<m" 


from which the theorem follows. 


THEOREM 10. A necessary and sufficient condition that d,, u, (>0) 
be a pair of associated abscissas of summability-bounded (C, r, s) of the 
series (5) is that A =1. 


This theorem is an immediate consequence of Theorems 8 and 9. 


BROWN UNIVERSITY 


4 The proof of this is analogous to that of Bohr, loc. cit., Dissertation, pp. 92-93. 


A CHARACTERIZATION OF EUCLIDEAN SPACES 
R. S. PHILLIPS 


The purpose of this paper is to give an elementary proof of the fact 
that a Banach space in which there exist projection transformations 
of norm one on every two-dimensional linear subspace is a euclidean 
space. S. Kakutani [1] has pointed out that a modification of a proof 
due to Blaschke [2] will prove this theorem. F. Bohnenblust has been 
able to establish this theorem for the complex case by still another 
method.! 

A Banach space is a linear, normed, complete space [3, chap. 5]. 
A euclidean space of dimension a, where @ is any cardinal number, is 
defined to be the Banach space of sequences x, of real numbers where 
v ranges over a class of cardinal number a, and > is finite and equal 
to the square of the norm [4]. We consider only spaces having at 
least three linearly independent elements. 

P. Jordan and J. von Neumann have shown [5] that a Banach 
space which is euclidean in every two-dimensional linear subspace is 
itself a euclidean space. It is thus sufficient to show that the “unit 
sphere” S for any three-dimensional linear subspace is an ellipsoid. 

Because of the norm properties, S is a convex body symmetric 
about the origin 0, and contains o as an interior point. Let y be a 
plane containing o and let C, be the curve of intersection of y and 
the boundary S’ of S. The existence for each y of a projection opera- 
tion of norm one, whose direction of projection is that of the unit 
vector v,, implies that the cylinder generated by lines of direction v, 
tracing C, contains S. Our theorem is therefore an immediate conse- 
quence of the following lemma on convex bodies (which need not be 
symmetric about 0). 


Lemma.” If S is a convex body such that for every y there exists a 
cylinder generated by C, containing S, then S is an ellipsoid. 


We topologize the planes y by representing each by its direction 
cosines as a point on the unit sphere and using the usual topology 
of the unit sphere. 

The proof of the lemma is divided into two parts. We first show 
that v, is uniquely determined by y, that v, is a continuous function 
of y, and that S’ has a tangent plane at each of its points. It is then 


1 F. Bohnenblust’s result is not yet published. 
2 W. Blaschke has proved a similar theorem under the assumption that there 
exists a tangent plane at each point of S’ [2]. 
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easy to demonstrate that the curves of intersection for any set of 
parallel planes are similar. Finally we prove that such a convex body 
is an ellipsoid. 

We state without proof the following elementary propositions 
about boundaries of convex bodies. S’ and C, are homeomorphs of 
the two-sphere and the one-sphere respectively. At each point of C, 
there exist two one sided tangents. The right (or left) sided tangents 
at points g approach the right (or left) sided tangents at p as q ap- 
proaches p from the right (or left). Furthermore C, has a tangent at 
all except a denumerable set of its points. Given any one sided tan- 
gent ¢ at p to C,, there exists a plane of support at p containing? ¢. 
Finally given a tangent ¢ at p to C, there exist two half tangent 
planes to S’ at p each containing /; that is, for any By containing 
the line op, each one sided half tangent to Cy at p is contained in one 
of two half-planes, whose common bound is‘ f¢. 

Suppose C, has a tangent ¢ at p and that P, P2 are the half tangent 
planes at p to S’. P; and Pz may or may not be distinct. Let d(x) 
be the distance from x e S’ to the closest of P; and Pe, and let r(x) 
be the distance from x ¢ S’ to p. The convexity of S then implies 
that d(x) Se(r)-r(x) where e(r)—>0 with r. For a By containing the 
line op, we consider any x € Cs and denote by P, the plane P; or P2 
from which d(x) is measured. Then in order that the line through x in 
the direction of vg does not pierce S’, it is necessary that the compo- 
nent of vg perpendicular to P, be less than 2-e(2r(x))/sin (y, 8) which 
approaches zero as x—>p. Hence p+ is contained in both P; and Ps. 

It is now easy to show that vy is uniquely determined by y. Sup- 
pose two such directions of projection existed and let p be a point of 
tangency on C, with the tangent ¢. Then there exist two distinct half 
tangent planes containing ¢ as their common line. The above argu- 
ment shows that for any 8 containing op, p+, =t. But this is impos- 
sible for a convex body with interior points. 


3 Given a one-sided tangent ¢ at p to Cy, there exists a plane of support at p con- 
taining ¢. C, is convex. Therefore C, lies entirely on one side of any plane containing ¢. 
If the theorem were false, then we could find a plane containing ¢ and interior points 
of S on both sides of the line through ¢. The convex extension of some neighborhoods 
about these points belongs to S and intersects y on both sides of the line through #, 
which is impossible. 

‘ Given a tangent ¢ at p to C,, there exist two half tangent planes at S’ at peach 
containing ¢. If the contrary ‘were true, there would exist a 6 containing the line op 
such that a half tangent ¢’ to Cg at p did not determine a plane of support with ¢ at p. 
The plane through ¢, ¢’ therefore contains an interior point of S. Again the convex 
extension of some neighborhood of such a point and C, belongs to S and intersects 6 
on both sides of the line through ¢’, which is impossible. 
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If aS Ya—7, then defines a direction of projection for 
If the contrary were true, there would exist p ¢ C, and a real number 
X such that g=p+Avy is an interior point of S. Let B be the plane de- 
termined by 0, p, q and p, the point of C,,-C, closest to p. Then, as 
n—>©, p,—p and the points not interior to S, ~,+Av,,—g, which is 
impossible. By the uniqueness, v9 =v,. Since the v, form a compact 
set, it follows that v, is a continuous function of +. 

We next show that S’ has a tangent plane at each of its points. 
Let p e S’, y contain op, and let ¢ be, say, the right sided tangent at p 
to C,. Then there exist points p, ¢ C, which approach p from the 
right and which have tangents ¢, to C,. Let us choose a subsequence 
for which a set of half tangent planes P, converge. For convenience 
we renumber this subsequence 1, 2,---, ,---. Suppose P,—P. 
Then P contains t. Finally for any 8¥ containing op, let us choose 
a sequence B, containing op, such that B,—8. As above, p,+1, lies 
in P, and since v3,— 1, P+1 lies in P. As vg does not lie in 8, it follows 
that the z for B containing op determine P. But ¢ was an arbitrary 
one-sided tangent at ». Hence P contains all one sided tangents to 
curves Cz (8 containing op) and is therefore the tangent plane to S’ 
at p. 

We now define any directed line through o to be the 2 axis. The 
x-y plane is then the plane containing o which is parallel to the tan- 
gent plane to S’ at the intersection p of S’ and the z axis. In a system 
of cylindrical coordinates, let ye be the plane 6=const. Then 2,, lies 
in the x-y plane. The curve of intersection C, of S’ with the plane 
z=const. is defined by the differential equation 


dr/d@ = rF(6), r(0) = f(z) 


where F(@) is a continuous function independent of z. S’ is therefore 
expressible in the form r=f(z) -g(@). Clearly the C,, differ only by a 
linear transformation. 

We next prove that C, is an ellipse. For this we need to know that 
there exists a linear orientation-preserving transformation sending 
C,, into itself and p into any other point g of C,,. 

Let 7 be the point of tangency of a plane parallel to the x-z plane 
having a positive y component. Suppose 7; is the plane defined by 
p, 0, r. We have shown that C,, goes into C,, by a linear transforma- 
tion which leaves invariant points of the z axis. We can repeat the 
above construction about the line or. Hence if 72 is the plane defined 


5 The remainder of the proof is similar to an argument used by Garrett Birkhoff, 
Duke Mathematical Journal, vol. 1 (1935), pp. 169-172, Theorem 1. 
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by q, 0, r, then C,, goes into C,, and p goes into g by a linear trans- 
formation leaving the x-z plane and points of or invariant. Repeating 
the above construction about the line og, Cy, goes into C,, by a linear 
transformation which leaves points of og invariant. The product of 
these transformations is the desired linear transformation. 

The set C,, is compact and bounded away from o. Therefore the 
group of all orientation-preserving linear transformations of C,, into 
itself is bounded and hence equivalent, after a linear transformation, 
to a subgroup G of the orthogonal group [6, p. 465, Theorem 19]. 
Since G is transitive on lines through 0, G must be the entire orthogo- 
nal group. The set of points invariant under G is the circle. Therefore 
a suitable linear transformation sends C,, into the circle. It follows 
that all C, through 9 are ellipses. » was chosen arbitrarily. All C, are 
therefore ellipses. If we now take a particular C, and choose its major 
axis to be the z axis of our construction, S’ will be generated by this 
ellipse tracing an ellipse in the x-y plane and rotating about the z axis. 
Sis therefore an ellipsoid. 
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METRIC SEPARABILITY AND OUTER INTEGRALS! 
JOHN F. RANDOLPH 


R. L. Jeffery [1] investigated an upper integral for functions (from 
the line to real numbers) not necessarily measurable. Let f be 
bounded, a<f(x)<B for xe A, let e;=E,[a;Sf(x) <aiz:] where 
a@=a9<ai< --- <a,=£8 and consider If as m increases 
and max (@;,:—a;) approaches zero, the limit of this sum exists and 
is independent of the subdivisions, this limit is the upper integral of f 
over A, [3f(x)dx. 

Two point sets with finite outer measure are metrically separable 
if the outer measure of their sum is the sum of their outer measures. 
A function is metrically separable on a set A if for each constant » 
the part of A on which the function is greater than X is metrically 
separable from the rest of A. Jeffery proved that metric separability 
may be made the basis of a comprehensive theory of integration 
which includes Young, Pierpont, and Lebesgue integration. 

All measurable functions are metrically separable, but a function 
defined over a non-measurable set (and so necessarily non-measur- 
able) may still be metrically separable. However, if f is metrically 
separable and possesses an outer integral on a set A, there exists a 
measurable set B>A and a function ¢, measurable on B and equal 
to f on A, such that = If f is metrically separable and summa- 
ble on A; and on Az, it need not be metrically separable on A1+ Ao, 
but is summable on this set. Jeffery’s methods of proving these re- 
sults are not applicable, but the same results hold, as this paper 
shows, for functions from the plane to real numbers if Carathéodory 
outer linear measure and integration with respect to this measure are 
used.? 


1. Equivalence. Let A be a set with finite outer linear (Cara- 
théodory or Gillespie) measure and I'[A] the set of points of the 
complement of A where the superior outer density of A is positive. 
Then, [2], 4=A+I'[A] is a massgleiche Hiille of A, that is, is linearly 
measurable with linear measure equal to the outer linear measure of 
A. Thus A is linearly measurable if and only if '[A ] has linear meas- 
ure zero, that is, L*T [A ]=0. 

1 Presented to the Society, in part December 30, 1936, under the title Metric 
separability and the Hildebrandt integral, and in part October 28, 1939, under the title 
Metric separability. 

2 The same methods also prove these results if outer Gillespie linear measure 
(see [3]) is used. 
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If L*A; and L*A,are finite, then A; and A: are metrically separable 
if and only if 


LA;A; = 0 (or LA2A; = 0). 
For L*(Ai+Az) $L*(Ai+4:) <L(A;+A;) =L*(Ai1+Az) so the equal- 
ity holds, and then since Az is measurable 
L*(A, + As) = L*A, + — = L*A, + — 
so 
L*(A, + As) = L*A, + 


if and only if L*A,A:=0. In particular if A; and Az have no points 
in common they are metrically separable if and only if 


L*A,T [Ao] =0 (or = 0). 


Also if A=Ai+ --- +An, L*A; finite, A; and A; metrically sepa- 
rable, then L*A = L*A,+ --- +L*A,, and 


(1) A+T[A] =4,4+T[Ai] 


both equations following quite simply. 

We now prove a theorem for bounded functions on sets of finite 
outer linear measure that may be extended in the usual way to func- 
tions summable, in the sense of outer integrals. 


THEOREM. Jf A is a plane set with L*A finite and f is a bounded 
(a<f(p) <B, p © A) function metrically separable on A (so [af exists) 
and B=A-+T'[A |], then there is a function which is measurable on B, 


pe A implies (6) =f(p), and 
B A 


If c<d are any two numbers, let A(c, d) =E,[c<f(p) <d; pe A]. 


For each n=1,2,--- let a=Gn,o, Gn,1, » be a subdivision 
such that 
Qn,i — = B — a/2*, $= 1,2,---, 2%, 
and define 


The union of these sets is A and A; and A; are metrically separable 
ix j (since f is metrically separable on A); so from (1) 
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B= 


We now define for each n =1, 2, 3,--- 


f(b) if 
if pe [As] — + A)}, 1,2,---. 


Thus ¢,() is defined for each point p of B. Since $,(p) S¢nis(p) <B 
the limit ¢(p) =lim,... ¢.(p) exists. Clearly $(p) =f(p) if pe A. 

Also ¢ is a measurable function. First E,[¢,(p) |= A(an,r3 B) 
—A(a;an,). However, since f is metrically separable on A, the sets 
A(a@,,r;8) and A(a; a,,,) are metrically separable and have no points 
in commen 


= { 


L{T[A B) JA (a; = 0, 


that is, the measurable set A(a,,,;8) represents almost all points where 
¢2(p) 2a,,r. Now if X is any number aSASf, let 
where m,<2.S --- be an increasing sequence of points of subdivi- 
sions approaching A. Then the measurable set 


Il B) 


differs from E,[¢(p) =, p e B] by a set of measure zero. Thus ¢ is 
a measurable function. 

To prove the integral equality let a=a9<ai< --- <a,=8 bea 
subdivision and define 


s; = E[peA, a; f(p) < ai41], Si = E[pe B, a; $(p) < aii). 
? 


Then S; is measurable, S;>s; and 
L*A = L*s,+---+ L*s, LS; +---+ LS, = LB L*A, 


so L*s;=LS;,i1=1, 2,---, m, and thus by multiplying by a;, sum- 
ming and taking limits we see the desired equality 


for bounded functions over sets of finite outer linear measure. 


2. Additivity. If G,; and G2, each with finite outer measure, are 
metrically separable and f is a function metrically separable on each, 
f is metrically separable on Gi+G2. However, if G: and G2 are not 


= 
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metrically separable, then f may not be metrically separable on their 
union, for example, if G; and Gz are complements on the unit interval 
each with outer measure unity and f(x) =1 if x © Gi, f(x) =2 if x © Ge. 
If however, f is metrically separable and the outer integral of f exists 
on each set G; and G2, then the outer integral exists on Gi+Gz2. For 
let Gi = Gu +Gy where Gy = Gi(Ge+ T [G2 ]) and Gu = Gi a Gi and in 
like manner take G2 =Ga+G2. Then Gy and Giz are metrically sepa- 
rable as are Go and Gz as well as Gy and G2, while no subset of posi- 
tive outer measure of Gy is metrically separable from G22 and no sub- 
set of Gee is metrically separable from Gi. We may then apply the 
following theorem (proved for positive bounded functions, but ex- 
tendible in the usual way) to obtain the. property of additivity over 
sets of the existence of outer integrals. 


‘THEOREM. Let A; and Az be two point sets of the plane with outer 
linear measure finite such that no part of either with positive outer linear 
measure is metrically separable from the other. Then if f is a positive 
and bounded (0 <f(p) <B; p © Ai+Asz) function metrically separable on 
A, and on Az, the outer integral of f exists on A1+A2z. 


For each n=1, 2,3,--- let O=Gn,0, Gn,1, bea subdi- 
vision of the interval (0, 8) into 2* equal parts. Define 


Suni = Elpe Ai, n,i-1 = < 


= E[pe As, S f(p) < ans]; #=1,2,---,2%, 


and 


Qn 
en = Sn1i Sn2i 
i=1 


where 5,3; = = Sai tT Then e, is a measurable subset of the meas- 
urable set A,+ Az. Also let 
E, = (A; + A2) — 


Since $n41,1,2:-1 and Sn41,1,2s are metrically separable and their union 
iS we have 


and 
+ = = 1,2,---, 2”. 


If then pe én41 there will be a j such that p will be either in 
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OF SO in either case will belong to 
and so to é,, that is, é,. Thus Z,4:> EZ, and the sets 


€= , 


are clearly metrically separable. 
We first prove that the outer integral of f exists over e(A1+ Az). 
Let bu=E,[p €(Ai+Az2), Onis Sf(p) <a,,:], n=1, 2, 3,---, 
#=1,2,---,2*. Then But e5,2; differ 
from each other only in a set of measure zero so e5,1; and e5,2; differ 
at most by a set of measure zero, so 


Le(Snri + = = LeSn2i, 


so 
L*e(Sari + Savi) = = 
or 
L*b,; = L*esa; = L* 
Thus 


2n 2n 
i=1 i=1 i=1 
and consequently the integral of f exists over e(A1+ Az) and 


* * 
f = = f 
e(A;+A2) eA, eA 

We now show that f has an outer integral on E(A1+A:2) which 
moreover is the sum of the outer integrals over EA; and EA>. 

Let ef and let E,’ = E(Ai+A2) . Now > 
so E,! cE,4:. Also lim,... L*e, =0 for otherwise we would have 
L*Ee>0. Therefore lim,... L*E, = E and thus lim,.,. L*E(Ai1+A2) 
=L*E(Ai+A2), im, Ai=LiEA; and L*E,! EAs. 

Now for n’>2 let hy js=E,[p Aj, j=1, 2; 
#=1,2,---, 2. Then 4,4; and h,-2; are metrically separable, so we 
have 


* * * 
(Ar+A2) 


and thus 


— 
| 
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Also since 
* * * 
(EB—E,,’)Ai BA; 
we have 
* * * * 
im f 4 tim 
J EFA, J FA 
Then since 
* * * * 
f f f< f 
(A1+A2) Y BA, EAs 
we see that 
* 
lim f exists 


(A1+A2) 


and is less than or equal to 


* 
EA; EA: 
We may further assert that the equality holds. For e>0 given there 
is an N such that n= N implies 


* * € 
f f> f-—> j = 1, 2, 

BA; 2 
or 


* * * * * 
(A;+A2) E,'A2 EA, 
Thus 


* * * * * * 
E(A;+A2) EBA, EA2 e(A,+A2) 
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CoRNELL UNIVERSITY 


A PROPERTY OF A SIMPLY ORDERED SET! 
K. W. FOLLEY 


Sierpinski? has shown that the set of real numbers of the interval 
(0, 1) may be decomposed into c disjoint subsets, each of power less 
than c, and such that the sum of every c of these subsets has at least 
one point in common with every perfect subset of the interval. 

The object of the present paper is to show that the same method 
of proof may be used to prove an analogous theorem concerning a 
more general type of set. 


DEFINITIONS. A simply ordered set M is a set such that if any two of 
its elements are given it is known which one precedes. 

A subset of M is said to be cofinal (coinitial) with M if no element of 
M follows (precedes) all the elements of the subset. 

An na subset of M is one which is neither cofinal nor cotnitial with 
any subset of M of power less than 8%. and which contains no pair of 
neighboring subsets both of which have power less than Na. 


Various properties of simply ordered sets M containing everywhere 
dense 7. subsets, including a discussion of the perfect subsets of M, 
were discussed by the writer in a previous paper.’ 


THEOREM 1. Let M be a simply ordered set containing an everywhere 
dense na subset N. There exists a decomposition of M into 2¥« disjoint 
subsets, each of power less than 2¥a, and such that the sum of every 28a 
of these subsets has at least one point in common with every perfect sub- 
set of M. 


ProorF. Let ¢ be the smallest ordinal number of power 2%«. A trans- 
finite sequence of type ¢ formed of all the points of M exists, namely, 


(1) M2, M3,°** 


The perfect subsets of M having power 28a may be arranged in the 
form of a transfinite sequence of type ¢ as follows: 


(2) M2, M3,---, Me,---, E<¢. 


Let us now define a transfinite sequence {H;}:<4 of subsets of M: 
H;, is formed of the single element my. 


1 Presented to the Society, November 22, 1940. 
* Fundamenta Mathematicae, vol. 24 (1935), pp. 8-11. 


si * Proceedings of the Royal Society of Canada, Section III, vol. 22 (1928), pp. 
5-239. 
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Now, let 8 be any ordinal number between 1 and ¢. Suppose we 
have defined all sets H;, where <8, and suppose further that the 
power of H;is not greater than £. Let Ss=)_¢<sH:. Then Ssis evidently 
of power not greater than f? < 2&e, 

We shall define a transfinite sequence { p2} as follows. M, being of 
power 28a, and Sz being of power less than 2®«, M,—Ss contains 
points. Let p? be the first element of (1) which belongs to M,—Ss. 
Now let 7 be any ordinal number between 1 and 8, and let us suppose 
we have already defined the points p?, where £ <7. Let all these points 
form the set 7% of power not greater than 7<§8<28e«. The set 

M,—(Sg+T,) contains points. Let ~§ be the first point of (1) which 
belongs to the set E,—(Ss+T,). 

Define H, as the set of all points 7%, Wlieve £<£; it is a set of power 
not greater than 

The sets H;, with §<@, are thus defined by transfinite induction. 
They are evidently disjoint subsets of M, each of power less than 2%e, 
The set R= M—)-:<4H; is of power not greater than 28«, Hence the 
elements of R may be arranged in the form of a transfinite sequence 
of type ¥ S$¢ as follows: 


Let N;=H:+q: for and if M:=H; for 

The sets N; are disjoint subsets of M, each of power less than 2, 
Moreover M =) 

Now, let F be the sum of any 2 of the sets N;, §<@. If uw is any 
ordinal number less than ¢, there is an ordinal number 8 such that 
u<B<@, and such that Ng belongs to F. Since B>p we have p% be- 
longing to H, and therefore to N,. Besides p2 belongs to M,. Hence 
is a point of M,-Hg, and so of F- M,. 

It follows that F has at least one point in common with every sub- 
set M; of (2), which was to be proved. 


THEOREM 2. The generalized hypothesis of the continuum (28a=§8 241) 
is equivalent to the following statement : 

The set M may be decomposed into disjoint subsets, each of power not 
greater than ., such that the sum of any class of more than &.. of them 
has at least one point in common with every perfect subset of M. 


Proor. (a) If the generalized hypothesis of the continuum is as- 
sumed, Theorem 1 becomes the second part of Theorem 2. 

(b) Suppose that the second part of Theorem 2 is true. There are 
2a perfect subsets off M. Each disjoint subset of M having a power 


4 See K. W. Folley, loc. cit., p. 232. 
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not greater than Na, it follows that a class of S.4: of them has power 
SS .4:. Such a class has at least one point in common with every perfect 
subset of M. Thus, there results the inequality 


NS 


The inequality in the opposite sense being well known, the general- 
ized hypothesis of the continuum follows. 


Wayne UNIVERSITY 


UNIQUENESS THEOREMS FOR RATIONAL FUNCTIONS! 
FRITZ HERZOG 


In his book on the theory of meromorphic functions,? R. Nevan- 
linna proved a number of “uniqueness theorems.” The most impor- 
tant of them’ states that if two functions w=f(x) and w=g(x), 
meromorphic in the whole x-plane, assume five values of w (finite 
or infinite) at the same points x they must be identical. If we under- 
stand by the distribution of a function w=@(x) with respect to a given 
value of w simply the set of all points x where ¢(x) assumes that value 
w, regardless of multiplicity, we may state the above theorem in the 
following way: Two meromorphic functions which have identical 
distributions with respect to five values of the dependent variable 
must be identical. In proving this theorem, Nevanlinna explicitly 
assumes the functions to be transcendental (i.e., not rational).* It 
is trivial, however, that the theorem would apply to two rational 
functions w=f(x) and w=g(x) as well, which can be easily seen by 
considering the transcendental functions w=f(e*) and w=g(e*). 

The example of the functions w=e* and w=e~*, which have identi- 
cal distributions with respect to the four values w=1, —1, 0, ©, 
shows that five is the smallest number for which the above-men- 
tioned uniqueness theorem holds true. It will be shown in this paper 
that such is not the case for rational functions for which five may, 
indeed, be replaced by four. (See Theorem I.) 

The question arises as to what can be said about two rational 
functions that have identical distributions with respect to only three 


1 Presented to the Society, February 24, 1940. 

2 Rolf Nevanlinna, Le Théoréme de Picard-Borel et la Théorie des Fonctions 
Méromorphes, Paris, 1929. 

3 See loc. cit., p. 109. 
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values of the dependent variable.‘ It is the main object of this paper 
to study this problem. 

It will be found that there exist pairs of rational functions which 
have identical distributions with respect to three values without 
being identical (Examples I, II, III). Furthermore, under certain 
restrictive conditions concerning, for instance, the degrees of the 
functions, uniqueness theorems for rational functions with identical 
distributions with respect to three values will be derived. (See 
Theorems II and III.) 

Throughout the paper we shall use x or z for the independent com- 
plex variable and w for the dependent complex variable. Unless 
otherwise stated, x is to be restricted to finite values while z and w 
may assume also the value . 

As far as the variables z and w are concerned, we may subject 
them to linear substitutions without changing the character of the 
problem under consideration. This is due to the fact that a sub- 
stitution u =(au,+b)/(cu.+d) with ad—bc¥0 gives a one-to-one cor- 
respondence between the u and u; planes (both u= © and 1,= © be- 
ing included). We shall sometimes make use of such linear. substitu- 
tions without further explanation. 

We finally remark that all functions mentioned in the paper are 
understood to be not constant, unless otherwise stated. 

We consider two rational functions w=f(x) and w=g(x) which 
have identical distributions with respect to four values of w and shall 
show that they must be identical. In accordance with what was said 
above, x is restricted to finite values, that is, the two functions are 
assumed to have identical distributions with respect to the four values 
of w, only as far as finite values of x are concerned, while the point 
x= © is disregarded (except at certain points in the proof). We thus 
obtain a more general theorem. 


TueEoreEM I. If w=f(x) and w=g(x) are two rational functions and 
if Wi, We, Ws, Ws are four different values of w that are assumed by the 
two functions at the same points x, then f(x) =g(x). 


Proor. Let m and n be the degrees of f(x) and g(x), respectively; 
we may assume that m2n. Let wo=f( ©) where wo may be either dif- 


4Cf. Nevanlinna’s remark, loc. cit., p. 109: “...une fonction rationnelle est 
univoquement déterminée par trois distributions.” In view of the results of this paper, 
this remark must be understood in such a way that identical distribution is to imply 
also equal multiplicities. Neither in Nevanlinna’s uniqueness theorem nor in this 
paper is this the case. 
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ferent from w1, We, Ws, and w, or equal to one of them. In the latter 
case we may assume that wo =. 

Now let 7; be the actual number of finite w;-points of f(x) and g(x) 
(k=1, 2, 3, 4), that is, their number not counting multiplicity. Let 
my be the multiplicity of wo at x= © and m;, be the number of finite 
w,-points of f(x) (k=1, 2, 3, 4), counting multiplicity. Then we have 
Mm, =m OF Mo-+m =m, according to whether or Wo Hence, 
in any case, 


(1) My + m, = m. 
Also, in any case, 
(2) = Ms = mM, = mM. 


We may assume, without loss of generality, that wo, wi, we, w3, and 
w, are all finite because a suitable linear substitution of w will, if 
necessary, transform the w, into finite values. 

Now let f= Fi/F2and g=G,/G:2 be representations of f and g as re- 
duced fractions of polynomials. We consider the functions 


(3) f= — FiF!)/Fi, 
(4) f—g= G2 — FG) 


(3) is not identically zero, it is of degree at most 2m, it vanishes at 
x= with a multiplicity mo+1 (which can be seen easily from the 
expansion of f(x) in a power series about x= ©), and it has m—”"% 
zeros, counting multiplicity, at the r; finite w,-points of f(x) (k=1, 2, 
3, 4). These facts yield 


(5S) (mo + 1) + (m — 11) + (m2 — 12) + (ms — 13) + (my — 14) S 2m. 
Using (1) and (2), we obtain from (5) 
4m +1—(n+r2+ 173+ 1%) S 2m 


or 
(6) = 2m +1. 


On the other hand, (4) is of degree at most m+n < 2m, it vanishes 
at the 7; finite points x where f(x) =g(x)=w, (k=1, 2, 3, 4), and 
hence, by (6), it has at least 7:-+72+73+17,=2m-+1 zeros. Therefore, 
(4) must vanish identically, which proves the theorem. 

That Theorem I does not hold when only three identical distribu- 
tions are assumed can be seen from very simple examples, such as 
w=f(x)=4x/(x+1)? and w=g(x)=2x/(x+1) which have identical 
distributions with respect to the three values w=0, ~, 1, provided 


E 
| 
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we consider only finite x. The value w=0, in particular, is assumed 
by f(x) and g(x) at x=0. If, however, x were allowed to assume also 
the value ~, the distributions of f(x) and g(x) with respect tow=0 
would not be identical any more since f(«)=0 but g( ©) +0. 

We shall, therefore, from now on allow the independent variable 
to assume also the value © and study the problem of two rational 
functions w=f(z) and w=g(z) which have identical distributions 
with respect to three values of w. 

We first consider the special case of polynomials. Since a poly- 
nomial assumes the value w=o at z= only, the question is 
whether two polynomials with identical distributions with respect to 
two (finite) values of w must be identical, The answer is given by 
the following theorem. 


THEOREM II. If two polynomials w= F(z) and w=G(z) assume two 
finite values w, and we (w1~We) at the same points 2, then F(z)=G(z). 


Proor. Let m and m be the degrees of F(z) and G(z), respectively, 
let m2n and let 7; be the actual number of w,-points of F(z) and 
G(z) (k=1, 2), not counting multiplicity. Then F’(z) is not identically 
zero, it is of degree m—1 and it has m—», zeros, counting multi- 
plicity, at the 7, points where F(z) =w;, (k=1, 2). This gives (m—1,) 
+(m—re) or 


(7) 


On the other hand, F(z) — G(z) is of degree at most m and it vanishes 
at the 7, points where F(z)=G(z)=w; (k=1, 2). Hence, by (7), it 
has at least 7:-++72 =m -+1 zeros and must, therefore, vanish identically. 
This proves the theorem. 

By subjecting both z and w to linear substitutions the two poly- 
nomials become two rational functions which have the property that 
there is one value of w which is assumed by both functions at one and 
the same point z only. Thus, according to what was said in the intro- 
duction, Theorem II yields immediately the following corollary. 


CorROLLARY. If two rational functions w=f(z) and w=g(z) assume 
three different values wi, We, W3 at the same points 2 and if one of these 
three values is assumed at one point z only, then f(z) =g(z). 


The corollary just proved is one of several similar statements that 
will be derived in the following. These statements give sufficient con- 
ditions under which two rational functions with identical distribu- 
tions with respect to three values must be identical. It will simplify 
the language if we put these statements in the form of necessary con- 
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ditions which two different rational functions have to satisfy if they 
have identical distributions with respect to three values of the de- 
pendent variable. 

Thus we consider two rational functions w=f(z) and w=g(z) which 
assume three different values w;, we, ws at the same points 2, which 
we shall call (k=1, 2,3;s=1,2,--- , 74; all different). Further- 
more, we assume that the degrees of f(z) and g(z) are m and 2, re- 
spectively, and that m2n. Finally, let m:, and m, be the multiplicities 
with which w=f(z) and w=g(z), respectively, assume the value w= wu, 
at z=2:, (mi, 21, m,21). It will be convenient to enter these data 
in the following table. 


Distribution of f(z) Multiplicities at tt. of 

Value and g(s) with 

Je respect to We f(z) g(z) 
Z11, 212, ° * * Ziry my, M12,°** , Mir, Mu, M12,°°* Mir, 
We 221, 222, °° * » M22,°** , Mar, Na, Ne2,°** 
Ws 231, 232, ° * * Zar, M31, M32,°°* , N31, M32,° , 


We note that for k=1, 2, 3 
(8) Mey + Me + Mir, = mM, 
(9) Mey + +--+ + Mer, = 

THEOREM III. If w=f(z) and w=g(z) are two rational functions with 
identical distributions with respect to three values of w and if wy, Tk, 2ks, 


M,N, Mis, Nis are as defined above, then the following are necessary con- 


ditions for f(z) #g(z): 


k=1 s=1 
(b) 2, 
(c) for k = 1, 2, 3, 
(d) m+n2=6, 
(e) m < 3n — 2, 
(f) (mes, mua, Mir.) = (Mer, Mer, at most one 


Proor. For the proof of conditions (a) to (e) we assume that the 
three w; as well as all the z;, are finite numbers. 


5 This equation is to be considered an identity of two vectors, that is, mu=nn, 
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(a) The function f(z) —g(z) (see (4) above) is not identically zero, 
it is of degree at most m+n, it has a zero at z=%, the multiplic- 
ity of which is at least min (mj., ms), and it has, therefore, at least 
> min (mx, Mes) Zeros, counting multiplicity. Thus (a) must 
hold. 

(b) The function f’(z) (see (3) above) is not identically zero and 
the numerator F2F{ — FF? is of degree at most 2m—2. At the points 
Sie (S=1, 2,---, re) f'(2) has m—r, zeros, counting multiplicities 
(k=1, 2, 3), hence f’(z) has at least (m—1) -+(m—re2)-+(m—rs) finite 
zeros which must be zeros of the numerator F,F{ — FF? . This gives 


3m — (11+ 12+ 173) S 2m — 2, 


from which (b) follows. 

(c) The inequality r;, = 2 (for k=1, 2, 3) is easily seen to be identical 
with the corollary, proved above. That r,5m (for k=1, 2, 3) follows 
at once from (9) and m, 21. 

(d) From inequality (a) and the fact that min (mis, ms) =1 (for 
k=1, 2,3 and s=1, 2, - - - , 7.) we conclude 


(10) 


(10) together with 7,22 from (c) yields (d). 
(e) From (b) we conclude 


(11) montretrs — 2. 
(11) together with 7,<m from (c) yields (e). 
(f) Suppose we should have (mui, - Mir,) = (Mur, Miz, Mery) 


for two values of k, say k=1 and k=2. We may then assume that 
w,=0 and w.= ©. Thus f(z) and g(z) have the same zeros and the 
same poles, including their multiplicities, and hence f(z) =cg(z) with 
c=const. Since f(zs1) = g(Zs1) =ws (ws~0, ©) we have c=1 which 
contradicts f(z) #g(z). This proves condition (f). 

We remark that the inequalities (a) to (e) in the form in which 
they are written above cannot be improved. Indeed, in Example I 
below both sides of these inequalities are actually equal. As to condi- 
tion (f), the relation (mi, mis, - , =(Me1, Miz, Mkr,) May 
actually be satisfied for one k, as shown by Example III. 

We shall now give three examples of pairs of rational functions with 
identical distributions with respect to three values of the dependent 
variable. We shall briefly describe the procedure for finding such ex- 
amples. For notations in what follows, we refer to the above table. 

We select degrees m and ” with m2n and satisfying the conditions 
of Theorem III. Then we select positive integers 7;, mz. and ms, com- 
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patible with (8) and (9) as well as with all the conditions of Theorem 
III. By the principle of linear substitutions of w and z we may then 
assign any three arbitrary values to the three w;, say w1=0, w= ©, 
w;=1, and three arbitrary values to three arbitrarily selected ones 
among the say 21 =1, 221 = ©, Z22=0. (Observe that, by condition 
(c), 222.) With the other z;, as unknowns and with two unknown 
constants a and b we have then in view of the distributions with re- 
spect to w,=0 and 


(13) g(z) = [le — 1)™ — — 
s=2 s=3 


where the product in the denominator to the right of (12) and (13) 
is to be unity if re= 2. Now the distribution with respect to ws =1 gives 


(14) J] (2 — — az] — Zo.) = Ile — 
s=2 s=1 


T1 T3 
(15) (g — 1)" — — — = — 
s=2 s=3 a=1 
If now the coefficients of equal powers of z on both sides of (14) and 
(15) are put equal to one another we obtain m+n equations for the 
unknowns 2, a and Each solution of these equations 
in which the 2;, are different from each other and from 0 and 1 and in 
which a and 3b are different from 0 corresponds to a pair of functions 
of the desired type. 
By condition (c) of Theorem III, the smallest value for m is 2. If 
n = 2 we have, by conditions (d) and (e), m=4. The above procedure 
then leads to the following example: 


Examp I. f(z) = (z—1)3(z+3) /162, g(z) = (z—1)(2+3) /4z. 


WE Zks Mks Nks 
0 1, -—3 3,1 14 
o,0 3,1 | 
1 —1,3 | | 


6 From (10) it follows that we have at least one more equation than unknowns. 
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We remark without proof that the above pair is essentially the 
only pair with m=4 and n=2. That is to say that first no other com- 
binations of m,, and m, are possible (except permutations of the 
above) and that secondly all other pairs of degrees m=4 and n=2 are 
obtained from the above by a suitable linear substitution of w and z. 

The next lowest degrees, according to condition (d), are m=3,n=3. 
These values lead to the following example. 


EXAMPLE IIT. 
f(z) = (2 — 1)?(z + 2)/3(p? — 1)z,  g(z) = 2 — 1)(2 + 2)2/3(1 — p)z?, 
p= — 
WE 2ks Mikes Nks 
0 1, —2 2,1 1,2 
0,0 2,1 1,2 
1 p, —2p 2, 1 1,2 


Example II is again essentially the only pair of functions with 
m=3, n=3 in the same sense as Example I above. 

The case m=4, n=4 leads to two interesting examples. One of 
them is the following. 


EXAMPLE III. f(z) = (z—1)9(2+1)/42, g(z) 


Wr Zks Mks Nks 
0 1, -—1 3,1 1,3 
0 3, 1 3 
1 4, —t, 1421/2, 1—21/2 1,1,1,1 


In this example the relation of condition (f) of Theorem III is ac- 
tually satisfied for one k, namely, k=3. 


Another example with m=4, n=4 can be obtained from Example I 
by replacing z by —3/z in the function f(z). It is easily seen that 
f(—3/z) and f(z) form a pair of functions of the desired type. Thus 
the three functions’ f(z), f(—3/z) and g(z) of Example I form a ¢riplet 
of rational functions with identical distributions with respect to three 
values of the dependent variable. 


7 Note that g(—3/z) =g(z). 
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The last mentioned example raises the question as to whether there 
could be an infinite number of rational functions which have given 
distributions with respect to three given values. This question is an- 
swered as follows. 


THEOREM IV. There can be only a finite number of rational functions 
which have given distributions with respect to three given values of the de- 
pendent variable. 


Proor. Let %:, be the given distributions with respect to the given 
values w; (see table preceding Theorem III). Let w=f(z) be any ra- 
tional function having these distributions, let m be its degree and mi, 
be its multiplicity at z=z,,. Then, by the proof of condition (b) in 
Theorem III, m cannot exceed 11+72+173—2. This leaves only a finite 
number of values for m, hence by (8) there is only a finite number of 
possible combinations of m;,. Each such combination can, according 
to condition (f) of Theorem III, lead to at most one function f(z). This 
proves the theorem. 

It may be noted in conclusion that any pair of functions w=f(z) 
and w=g(z) of the above-mentioned type leads to infinitely many 
more pairs of the same kind, other than those obtained by linear sub- 
stitutions of z and w. For, if @(z) is any rational function whatever, 
then w=f($(z)) and w=g(¢(z)) have again identical distributions 
with respect to the same three values of w as the original functions 
w=f(z) and w=g(z). This shows, in particular, that the degrees m 
and n of such pairs of functions may exceed any given number. 


CoRNELL UNIVERSITY 
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CONTINUA OF FINITE DEGREE AND CERTAIN 
PRODUCT SETS! 


O. G. HARROLD, JR.? 


The continua of finite degree have been studied and identified with 
certain well known classes of continua in a paper by G. T. Whyburn.* 
The author has shown that the continua of finite degree are identical 
with the continua homeomorphic to a continuum of finite length.t The 
object of the present note is to obtain other internal characterizations 
of these continua. 

The symbol M will represent a (compact) continuum. The con- 
tinuum M is said fo be of finite degree at the point pC M provided 
that to each e>0 there corresponds an uncountable family of neighbor- 
hoods (U) of » such that (a) the diameter of each neighborhood is 
less than ¢, (b) each F(U) is finite, where F(U) is the boundary of U, 
and (c) for any pair of neighborhoods U and V either VC V or VCU. 
If every point is of finite degree, the continuum JM is said to be of 
finite degree. The characterization which we find most useful below 
is that a continuum M is of finite degree if and only if every subcon- 
tinuum contains uncountably many local separating points of M. 

It will be shown that the classes of continua defined by each of the 
following properties are identical with the continua of finite degree. 


PROPERTY N°. M is locally connected and to each pair of closed, dis- 
joint subsets A and B in M there corresponds a finite collection of dis- 
joint, perfect sets H', H*,---, H* such that any continuum K in M 
intersecting both A and B contains some H‘. 


Property Q. If K and K;, (i=1, 2,---), are nondegenerate con- 
tinua in M with lim K;=K, there exists an integer n such that ||7K; 
is an uncountable set. 


It will be noted that the Property N° is highly analogous to Prop- 
erty N which characterizes the locally connected continua such that 
no true cyclic element has a continuum of condensation.® 


1 Presented to the Society, December 29, 1939. 

2 National Research Fellow. 

3G. T. Whyburn, Concerning continua of finite degree and local separating points, 
American Journal of Mathematics, vol. 57, pp. 11-16. 

4 See abstract 45-9-321, this Bulletin. 

5 This concept is due to R. L. Moore. See his Fundamental Point Set Theorems, 
Rice Institute Pamphlets, vol. 23, no. 1, 1936. 

For this characterization see G. T. Whyburn, On continua of condensation, Ameri- 
can Journal of Mathematics, vol. 58, pp. 705-708. 
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THEOREM A. A continuum is of finite degree if and only if it has 
Property N°. 


Proor. A continuum of finite degree has the property that any 
pair of closed, disjoint subsets A and B in M can be separated by a 
finite number of points g', g?, - - - , g" which are local separating points 
of degree two.* Suppose M is of finite degree. Set d=min p(q‘, q‘), 
1#j, p(q‘, A+B). Since g‘ is of degree two, there exists an uncountable 
family of neighborhoods [U(q‘)] such that (a) 6(U) <3d, (b) F(U) 
consists of at most two points, and (c) for any pair of distinct elements 
U and V of the family either 7C V or VCU. Set 


Yi= 
i fixed. Let H‘ be a perfect subset of Y*. There is thus determined a 
finite collection of disjoint, perfect sets H', H?, - - -,H*. Let K beany 
continuum in M intersecting both A and B. Since M is of finite degree 
(thus hereditarily locally connected), K may be taken as an arc. Since 
K contains some gq’, it contains the corresponding H‘. 

Conversely, suppose M has Property N°. To prove M is of finite 
degree it suffices to show that every nondegenerate subcontinuum in M 
contains uncountably many local separating points of M. Let K bea 
continuum in M containing the distinct points x and y. Set A =x, 
B=y. Then by Property N® there exists disjoint, perfect sets 
H', H®,---, H* such that KDH!' (say). If K-L is uncountable, 
where L is the set of local separating points of M, our end is at- 
tained. If K-L is countable, there is a point 2}GH'(M-—L). Set 
d=1/2 min p(x, p(y, p(H‘, 147. Let V be a region in 
M containing z' which is of diameter less than d. Set d'=p[z', F(V) ]. 
Let W be the 3d’ neighborhood of z', that is, the set of all points } 
such that p(z!, b) <$d'. Let X! and Y" be the components of K—-KW 
containing x and y, respectively. Since X' and Y' each contain a point 
of Vand M—L, there exists an arc s‘in V—z! joining X' and Y'. 
Hence K'= X!+s!+ Y' is a continuum from x to y not containing H’. 
If K* contains no other H‘, we have a contradiction to Property N°. 
If K'>H?’, then H?CX'!+ Y'! on account of the manner of selection 
of s'. Since K-L is countable, (X!+ Y")L is countable, hence there 
exists a point 22€¢ H?(M —L). Using the same d as before, a continuum 
K? is constructed (with K' replacing K) such that K? contains neither 
H' nor H? and K? intersects both A and B. Performing these steps 
(with z? replacing z') will clearly give a continuum K?=X?+s?+ Y? 
not containing H?, and since s*#H'=0 and X?+ Y?CK"', we have K? 
contains neither H' nor H?. After a finite number of such steps a con- 
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tinuum K/ is obtained which intersects both A and B and contains 
no H‘. This completes the proof that having Property N° is equiva- 
lent to being of finite degree. 


THEOREM B. A continuum is of finite degree if and only if it has 
Property Q. 


Proor. Let M be of finite degree. Since this implies that M is he- 
reditarily locally connected, it may be assumed without loss of gen- 
erality that the continua K; such that lim K;=K are arcs. Let the 
end-points of K; be a; and b;. Suppose lim a;=x and lim 5; =y. Since 
K by assumption is a nondegenerate continuum, we may take x~y. 
In a continuum of finite degree the points of degree two are dense on 
every subcontinuum, hence let z be a point of degree two in K — (x+y). 
Let X, Y and Z be neighborhoods of x, y and z respectively, such that 
(X-Z+X-Y+Y-Z)=0. To Z there corresponds an uncountable 
family of neighborhoods (U) such that 0CZ and F(U) consists of 
at most two points. There is a definite V = V(z) such that VCU for 
uncountably many U. Since z€lim K;, there is an integer m such that 
arcs K;,i2n, intersect V, hence if we take m2n so large that a;EX, 
b,€ Y for 12m, then K; must contain two boundary points of each UV 
for which VC UCZ. Thus [[*K; is uncountable. 

To show that Property Q implies finite degree we show that infinite 
degree implies Property non-Q. It is clear that a continuum contain- 
ing a convergence continuum has Property non-Q, hence we need con- 
sider only hereditarily locally connected continua. Let T be an arc 
in the continuum M which contains only a countable number of the 
local separating points of M. For each positive integer m let W, be 
the set of all points of M at a distance not greater than 1/mn from T. 
Let M, be the component of W, which contains T. Let L, be the set 
of all points which separate the end-points a and 6 of T in M,. Then 
in M,, there exist arcs s, and t, from a to b such that* s,t,=a+L,+0. 
Set Ken1=S, and Ko,=t,. Then lim K,=T. But []7K; is at most 
countable, no matter what positive integer m is. For Ken-1 and Ke, 
have only a countable number of common points, namely, a+L,+0. 
Hence M does not have Property Q. 


THE UNIVERSITY OF VIRGINIA 


6 G. T. Whyburn, Some properties of continuous curves, this Bulletin, vol. 33 (1927), 
pp. 305-308. See Theorcm 3. 


NOTE ON SOME ELEMENTARY PROPERTIES OF 
POLYNOMIALS 


P. ERDOS 


In a previous paper T. Griinwald' and I proved that if f(x)is a poly- 
nomial of degree m = 2 and satisfies the following conditions: 


all roots of f(x) are real, f(— 1) = f(+ 1) =0, 


© f(x) #0 for -1<2<1, max f(x) =1, 
—1<z<1 
then 
+1 4 


Equality occurs only for f(x) =1—x?. 
This result can be generalized as follows: Suppose f(x) satisfies (1) 
and let f(a) =f(b) =ds1, —1<a<b<1; then 


(3) b— aS Al — 


Again equality occurs only for f(x) =1—x?. It is clear that (2) follows 
from (3) by integration with respect to d. 

Proor. Instead of (3) we prove the following slightly more general 
result: Let f(x) satisfy (1), and determine the greatest positive con- 
stant cy such that 


f@fata)=@, 
then 


(4) cy 21 — d)¥?. 


Equality holds only for f(x) =1—x?, a= —(1—d)?/?. 

Suppose there exists a polynomial of degree m>2 satisfying (1) 
with c;=2(1—d)*/?; then we will prove that there exists a polynomial 
of degree n—1 with c;>2(1—d)"/?; and this proves (4) since it is easy 
to prove that (4) is satisfied for polynomials of second degree, that 
is, for 1 —x?. 

Denote the roots of f(x) by x1 = —1, x2=1, x3, - - - , x, and suppose 
first that for i>2 the x; are not all of the same sign. Let x, be the larg- 
est positive root and x,_; the smallest negative root, and denote by y 
the root of f’ (x) in (—1, +1). Consider the polynomial of degree n 


1 Annals of Mathematics, (2), vol. 40 (1939), pp. 537-548. 
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f(x)(* — 9)? 


(% — — 


o(x) 


where we choose ¢ so that ¢(x) 20 for —1<x<1. Then it is easy to 
see that for large x, @(x) and f(x) have opposite signs. Thus their 
leading coefficients have opposite signs. Hence it is possible to choose 
c such that the polynomial F(x) =f(x) +(x) is of degree Since 
n—2 of its roots are real it can have only real roots, and since 
F’(y) =0, F(y) =1, it follows that max_isz<: F(x) =1. Thus F(x) satis- 
fies (1) (obviously F(x) ~0 for —1<x<1) and F(x) =f(x) in —1, +1, 
equality occurring only for —1, y, +1. Thus cp>c;. Hence we may 
suppose that for 1>2 all the x; are of the,same sign; without loss of 
generality we may suppose them negative. Suppose that 


= #, 
We can suppose that —1<a<y<b<1. We now prove that 
(5) b-y<y-a. 
For if not then 
(6) <fo, 
that is, 


i=1 
Y> Vis il, 


where b—y2=y—a and all other factors in | f'(b)| are greater then the 
corresponding factors in f’(a). This proves the first inequality of (6). 
To prove the second inequality we remark that from what has just 
been said it follows that for u:1—y =y—t, —1<u2<y<u<1,we have 


| f’(us)| > | |, 


and since b—z2=y—a the second inequality follows by integration. 
By simple calculation it follows from (6) that 


f(b — > = @, > 0 sufficiently small. 


Thus b—a<c;. This contradiction proves (5). 
Let x, be the root of f(x) with greatest absolute value. Consider 
the new polynomial 
f(x), =%—6,5>0, 
Xn 


fi(x) 
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where c is chosen in such a way that max_isz<: fi(x)=1. Then we 
prove 


(7) Cf, > 


To show (7) it will suffice to show that c; is an increasing function of 
| x,|. Choose 6 so small that if we denote by y™ the root of fi (x) in 
(—1, +1) we have b—yi<y,—a (it is clear that y:<y). 

Put now 


c= 


(Evidently cf;(x) satisfies (1).) 
Now 


— Xn 6b—x, 6 


Xn b— xX, 


(that is, f(91) <1). But from (5) we have 


c*fi(a)fi(b) = c? 


1 1 26 26 
+ )> > 
on ) — Xn 
— Xn 
2 


and 
62 62 6? 


> > 
(a — Xn)(b — Xn) +06 (y1 — %n)? 
2 n 


Thus 
c*fi(a)fr(b) > f(a) f(b) = 
Hence (7) is proved. 
If | xa| tends to infinity f(x) tends to F(x) =f(x)/(x—xn), which is 
of degree »—1. From (7) it follows that cr>c;, which proves the 


theorem. 
Let f(x) be a polynomial of degree n all the roots of which are in 
the interval (—1,+1);and further let max_is-<; | f(x) | =1. For which 


polynomial is 
+1 
-1 


E 
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maximal? I was not able to answer this question but it seems very 
likely that the maximum is reached for f(x) =7,(x/c), where c=1/x,, 
and «x, is the greatest root of T,(x) (the mth Tchebicheff polynomial). 
Hence T,,(1/c) =T,(—1/c) =0 and all other roots of 7,(x/c) are in 
(—1, +1). It is easy to see that 7,(x) satisfies the following condi- 
tion: Let x; and x;,; be two consecutive roots of T,(x); then 


1 
—— | T.(x)| = 


iv 


where d, is independent of 7, and lim d, =2/z. 

This fact suggests the following conjecture which is a generalization 
of the previous one: Let f(x) be a polynomial of degree x all the roots 
of which are in (—1, +1), such that max_js-<: | f(x) | =1and let x; 
and x;4:1 be two consecutive roots of f(x); then 


20. 


Equality holds only for T,,(cx). 

It seems very likely that the following result holds: Let t (0) be 
a trigonometric polynomial all the roots of which are real, further let 
maxosesor |¢(0)| =1. Then 


[leo < 4. 


Let f(x) be a polynomial of degree m with leading coefficient 1 and 
all roots in (—1, +1); then the sum of the intervals in (—1, +1) for 
which |f(x)| =1 does not exceed 1. The proof is quite simple. Evi- 
dently 


f(x) f(— x) = Tl - <1 for |x| <1 


equality occurring only for x=0, | x; |=1. Thus one of the numbers 
f(x) or f(—<x) is less than 1, which establishes the result. It is also 
easy to see that if the sum of the intervals in question is exactly 1 
then f(x) =(1+)*. It would not be difficult to prove the following 
slightly more general result: Let f(x) have leading coefficient 1 and all 
roots in (—1, +1); then if —1<a<0<b<1 at least one of the num- 
bers |f(a)| or |f(5)| is less than 1. These problems become very much 
more difficult if instead of the interval —1, +1 we consider the unit 
circle. The question would be to determine the polynomial (or poly- 


— 
—— 
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nomials) of degree not greater than m with leading coefficient 1 and 
all roots in the unit circle such that the area of the set of points for 
which | f(x)| 21 shall be as big as possible. A first guess would be 
f(x) =(x—a)*, |a| =1, but it can be shown that for sufficiently large n 
this is not the case. The complete solution of this problem seems diffi- 
cult. 

Mr. Eréd? proved that there exists a constant c independent of n 
such that for a polynomial of degree m satisfying the above conditions 
the area of the set of points for which |f(x)| <1 is not less than c. 
The best value of c is not known. 


INSTITUTE FOR ADVANCED STUDY 


2 Oral communication. 
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| 
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ON UNCONDITIONAL CONVERGENCE IN NORMED 
VECTOR SPACES 


T. H. HILDEBRANDT 


Suppose X is a complete normed vector or Banach space of ele- 
ments x. Orlicz' has given the following two definitions of uncondi- 
tional convergence of an infinite series } +x, of elements from X and 
proved their equivalence: 

A. >>.x*. is unconditionally convergent if and only if any rearrange- 
ment of the series is convergent. 

B. is unconditionally convergent. if and only if con- 
verges, where {x,,} is any subsequence of {x,}. 

Pettis? has shown that either of these conditions is equivalent to 
the statement: 

C. Every subseries of }>.x, is weakly convergent to an element of 
X, that is, {xn,} implies the existence of an element x, such that, 
for every of the conjugate space X, > =2(xe). 

In proving this equivalence, he shows that condition C implies the 
following: 

D. lima, =0 uniformly for |||] =1. 

E. H. Moore® has shown that for real, complex or quaternionic 
numbers, absolute and therefore unconditional convergence is equiva- 
lent to the following definition of convergence: 

Let o be any finite subset m, - - - , m, of the positive integers, and 
denote in; by > Then 

E. >oxn converges in the a-sense, if lim, > eXn exists, where the limit 
is the Moore-Smith limit, and o;202 means that o; contains all of 
the numbers in 

Obviously the Moore-Smith limit can be extended to normed vec- 
tor spaces, and the fundamental properties carry over. It is the pur- 
pose of this note to show that convergence in the o-sense is equivalent 
to each of the conditions A, B, and D, that is, A, B, D and E are 
equivalent definitions of unconditional convergence, to which the 


1 Ueber unbedingte Konvergenz in Funktionenréumen, Studia Mathematica, vol. 4 
(1933), pp. 33-38. 

2 Integration in vector spaces, Transactions of this Society, vol. 44 (1938), pp. 281- 
282. 

3 General Analysis, Memoirs of the American Philosophical Society, vol. 1, part 2, 
1939, p. 63. 

4 See Alaoglu, Annals of Mathematics, (2), vol. 41 (1940), p. 259, where a similar 
definition for weak unconditional convergence is given. 
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Pettis result adds C as a fifth equivalent definition. We consider defi- 
nition E the most elegant of the definitions of unconditional conver- 
gence.5 

A is equivalent to E. Assume that every rearrangement of ) “x, is 
convergent and suppose if possible lim, .x, is not equal to x=) 
summed in its natural order. Then there exists an e>0, such that for 
every o there exists a o’2o such that ||x—)>.-x,||2e. Let mo be 
chosen so that for n= mo we have Let o1 be the set 
1, 2,---, mo, and of chosen so that Let o2 include 
all of the integers less than or equal to any integer in of . Repeating 
the process produces a o/, a a3, and so on, and defines a rearrangement 
of namely, 01, ¢{—01, dz—a@{,--- (where means the ele- 
ments of ¢ not in a’), which is not a convergent series since 


om'—om 

Since lim, >>.x, is unique when it exists, it follows at once that 
every rearrangement of >.,.x, converges to the same limit. 

Conversely, suppose >>.x, approaches a limit x, that is, for every 
e>0, there exists a such that if 2a, then ||}°.x,—x|| <e. Let {xn,} 
be any rearrangement of {x,}. Then we need only to choose k, so that 
the set of integers m, - - - , m;, includes all of the integers in o, to be 
assured that for k’ =, it is true that 


| — =| 


B is equivalent to E. Suppose every subseries ).x,, converges but 
lim, do Xe does not exist, that is, there exists an e>0 such that for 
every there exist o’,0’’ such that >e. If o’ +0” 
denotes the set including all elements of o’ and a’’, then either 
— 2/2 or || 26/2, that is, we can 
assume o¢’2>0'’2>o¢. We obtain a nonconvergent subseries as follows: 
Take o,;=1. This gives rise to 2a; so that 
>e. Let m,---, mz, be the elements of of —oi’. Take o2=0/ , and 
Nk,+1, °° *, Me, to be the elements of of —o?z’ . Proceeding in this manner 
we get a series Xn, such that 
||>-t=#!,x,,|| >e, that is, one which is not convergent. 


= e/2. 


5 In view of the results of Orlicz and Pettis, it would be sufficient to prove that D 
implies E implies A. For the sake of completeness and elegance we have preferred to 
prove each equivalence separately. 

® See Orlicz, Studia Mathematica, vol. 1 (1929), p. 242. 
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Conversely if lim, >> x, exists and {x,,} is any subsequence of xp, 
then if k, is chosen so that m;,, is larger than any integer appearing in 
the o, involved in the definition of the limit, it will be certain that 
for k’=k, and any / 


that is, )°ix,, is convergent. 

D is equivalent to E. Suppose lim, Yz-a| (xm) | =0 uniformly for 
= =1. We demonstrate that lima, =0. This is ob- 
viously equivalent to showing that lim,,2.,||}>.,%n—)_«;*a|| =0, since 


Let m, be such that for n=n, we have >>| Z(xm)| <e if ||z|| =1, and 
take o,=1, 2,---,m, with o:2>0220,. Then > Se and so 
| #(D°-,-«:%n) | Se. Since this is uniform for ||z|| =1, it follows that 


Conversely suppose lim, Diets exists. Then for 0520220, we have 
\[d°«:-e2%al| S <e. Take m, greater than the largest integer in o,. Let 
m2=n, and | =1. Denote by those of the integers m, m+, - 
m-+k, for which Z(x,) 20, and by o2; the integers for which Z(x,) <0. 
Then 


= | | = 20 | + 2 | | 


12 

that is, lim, >>2|2(x,)|=0, uniformly for ||z||=1. A similar pro- 
cedure would take care of the case in which #(x) were complex valued. 

We note that condition D is equivalent to the statement that the 
linear operations (functionals) Z for which ||z||=1 map the sequence 
X, On a compact subset of 1, the space of absolutely convergent series, 
that is, any unconditionally convergent series can be interpreted as a 
completely continuous transformation on the adjoint space X to the 
space 


for = 1] se 


< S2e; 


o2% 


7 See Dunford, Transactions of this Society, vol. 44 (1938), p. 322. 
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Further it can be deduced from condition B that if x(¢)=)oixn, 
where =m, m,--- then x(c) is a completely additive set function 
on subsets of the integers to the space X. 

E. H. Moore, in the reference mentioned above, considers the case 
in which the set of integers 1, 2,---,m,--- is replaced by a general 
set: $, and then defines a general sum >x(p) by an obvious general- 
ization. He shows that if }>x(p) exists, then x(p) is zero except at a 
denumerable set of elements f1,---, and exists. 
This result is extensible to the case where x is on § to a linear normed 
complete space in the form: 

If x is on 8 to X and if }>x(p) exists in the sense that lim, >. .x(p) 
exists, where the g are finite subsets of f, then x(p) differs from zero 
at most at a denumerable set of elements f1, - - -, Pa, and 
is unconditionally convergent. 

The first part of this theorem depends on the fact, easily derived by 
a slight change in the proof of “E implies D” above, that if }>x(p) 
exists then lim, )-.|£(x,)| exists uniformly for ||z||=1, that is, for 
every e>0 there exists a ¢, such that if 0120220, and ||z||=1 then 
d-«,-c2| F(xp)| Se. Let Bo be the sum of the sets o, for e=1/n. This 
set will be denumerable. If p is not of $B» then | (x,)| <1/n for all n 
and ||z||=1, that is, x,=0. The second part of the theorem is obvious. 
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A NOTE ON THE LIMIT OF ORBITS! 
G. E. SCHWEIGERT 


Theorem A, stated below, is established in a recent paper? by D. W. 
Hall and the author. Various factors favoring a change in the point 
of view have enabled the writer to see a simpler proposition which 
contains Theorem A as a corollary. The purpose of this note is to 
prove this newer theorem and to point to its implications in the 
particular case shown by the example at the end. 

A single valued continuous transformation T(M) = M of a compact 
metric space onto itself is said to be pointwise periodic provided that 
for each point x in M there exists a positive integer m such that 
T"(x) =x. Such a transformation must be one-to-one, hence a homeo- 
morphism. The least positive integer m such that T"(x) =x is said 
to be the period of a point x in M and is denoted by p(T, x). By the 
orbit of a point under T, or more briefly by a point-orbit, we shall 
mean the finite set consisting of a point x of M and all the images 
T(x), T(x) =TT(x), and so on, under T. Similarly if X is a compo- 
nent of an invariant set L, that is, aset L for which T(L) =L, then the 
finite sum of disjoint components X +7(X)+77(X)+ --- +T7*(X) 
is said to be the component-orbit of X relative to L under T. This ex- 
tention of the notion of a point-orbit* is possible since the property of 
being a component (maximal connected set) in L is invariant under 
T. In all that follows the brief term component-orbit will be used 
instead of the original precise form in which an invariant set is chosen 
first. Furthermore if G is such a component-orbit sets X or K men- 
tioned in close proximity to G may be understood without confusion 
to be components such as X in the definition above. In other words 
it is best to think of each G as a function of X or K as if it were 
written G(X) or G(K), so that these sets may be used freely without 
accounting for their presence each time. The lower case letters such 
as x and # will denote points, and point-orbits will bear a subscript, 
for example, Gz. 

These two types of orbit are obviously related in such a fashion 
that: (a) The number of components in a n orbit G equals at most 


1 Presented in part to the Society, April 15, 1939. 

2 Properties of invariant sets under pointwise periodic homeomorphisms, Duke 
Mathematical Journal, vol. 4 (1938), pp. 719-724. 

3 See L. Whyburn, Rotation groups about a set of fixed points, Fundamenta Mathe- 
maticae, vol. 28 (1937), p. 124. This is perhaps the first and certainly a most consistent 
and fruitful use of this extended notion. 
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the minimum value of p(T, x) for x€ X; (b) If G has k components 
T‘(X) and if G, is a point-orbit associated with «© X, then the num- 
ber of points in G,-T*(X) is the same for all values of 7 in the range 
0 to k—1. Furthermore the set G,-T‘(X) is a point-orbit under 7* 
for each fixed 7. It is to be understood that 7°(X) =X as in case for 
4=0 above. 


THEOREM A. If M is a compact metric space, T(M)=M a point- 
wise periodic transformation, {G;,} a convergent sequence of point- 
orbits under T with limit set L, and if there is in L a connected set B 
such that T(B)=B, then L is connected. 


The following lemma is stated without proof since it is practically 
the same as Theorem A and follows from the exact argument used in 
the proof as published. 


Lemma 1. If M is a compact metric space, T(M)=M a pointwise 
periodic transformation, {G.,} a convergent sequence of point-orbits 
under T with limit set L, and if G, denotes any point-orbit in L, then L 
has the property that for every separation* L=L'+-L? the sets G.-L' and 
G,-L? are non-vacuous. 


We are now in a position to prove an extended form of this result. 


LEMMA 2. If M is a compact metric space, T(M)=M a pointwise 
periodic transformation, {G;,} @ convergent sequence of potint-orbits 
under T with limit set L, and if X is a component of L, then L=G where 
G is the component-orbit of X under T. 


Proor. Case (i): There exists an isolated component K in L, that is, 
K is a component which is both open and closed in L. 
Let G denote the component-orbit of K and consider the equations 


L=G+(L-G@, 


m a positive integer. 


Now T is a homeomorphism on L, and K being isolated in L implies 
that 7(K) and 7*(K), and so on, are also isolated in L so that G is 
both open and closed in L. This shows that the set L—G must be 
vacuous, for otherwise L=G+(L—G) is a separation of L contrary 
to Lemma 1. If L—G is vacuous then L=G and Lemma 2 is true. 
Case (ii): L contains no isolated components. 
We will show that this case is impossible in view of Lemma 1. Let 


* We say that M=R+S is a separation of M provided neither R nor S is vacuous 
and RS=0=RS, where N is the closure of a set N. 
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X be any component of L and let m be a positive integer chosen so 
that X, T(X),--- , T™(X) represent the (m+1) distinct components 
of the component-orbit G. Now L is not connected, for otherwise L 
is itself an isolated component in L, and we may therefore choose a 
separation of L; say L=L(1)+L(2). Neither L(1) nor L(2) is an 
isolated component in L and hence we may choose separations 
L(i) =L(1, 1)+LZ(1, 2) and = L(2, 1)4+L(2, 2) so that L=L(1, 1) 
+L(1, 2)4+Z(2, 1)+L(2, 2). Each of the summands i2) when 
4:=1, 2 and i2=1, 2 is an isolated set in L, hence fails to be con- 
nected, and the process continues. In general 
L= t2,--+- , 44), where 7, = 1, 2, 
while & has the range 1, 2, - - - , 7; thus L is expressed as the sum of 
2/ disjoint sets each isolated in L. Let a fixed value of j=j* be 
chosen so that 2” is greater than m+1. Obviously each component 
of G must intersect some set L(i1, 72, - - - , 1;) and must be contained 
in that set. Since there are more sets in L than there are components 
in G there exists a set L*=L(Jh, Ie, - - -, I;) such that L*G=0. How- 
ever L=L*+(L—L*) is a separation of Z and no point-orbit in G 
intersects L*. This is impossible because of Lemma 1. Thus Case (ii) 
never holds and Lemma 2 is true. 
The next and final lemma will be recognized as one having the same 
conclusion as Lemma 1 established however from fewer assumptions. 


Lemma 1*. If M is a compact metric space, T(M)=M a pointwise 
periodic transformation, {G;} a convergent sequence of closed compo- 
nent-orbits under T with limit set L, and if G, denotes any point-orbit 
in L, then L has the property that for every separation 


L=L'+L? 
the sets G,- L' and G,- L? are non-vacuous. 


Proor. Assume contrary to the lemma that L= L'+L?’ is a separa- 
tion of L and there exists a point x in L such that the point-orbit G, 
is contained in one side, say L’, of the separation. In these circum- 
stances it is possible to choose a subsequence {G;,} (of the given 
sequence of component-orbits) which in turn allows us to choose 
points x,€@G;, such that the point-orbits {G.,} converge to a limit set, 
say L*, and the points {x;,} converge to the point x, which defines Gz. 
‘Since the point-orbits converge, we may use Lemma 2 which informs 
us that the limit set L* is a component-orbit. Moreover each of the 
finite number of components of L* may be taken as one side of a 
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separation of L* and this means, in view of Lemma J (or Lemma 2) 
and the fact that x is in L*, that each component Y of L* is inter- 
sected by G.. Now G, is contained in L' hence Y is contained in L' and 
in turn L* is contained in L'. 

On the other hand, using the fact that we have a separation of L 
and L is closed there exists a neighborhood V containing L? having 
the properties that the boundary F(V) is disjoint with Z and V is 
disjoint with L'. 

From this it follows that: (a) the neighborhood V has at most a 
finite number of points in common with the compact closed set ).Gz,+L*. 
To show this, consider any infinite set in the product. This set deter- 
mines a limit point z which belongs to L* and hence to L!. Such a 
point z isin V= V+ F(V) and not in F(V) (since z is in L), hence z 
is in V. This means zis in V and L' both which is impossible. 

Let p be any point of LZ? and consider V as a neighborhood of p. 
It follows that there exists an integer K, such that k>Ky, implies 
G;,- VV non-vacuous since {G;,} converges to L. Hence there exists 
acomponent Y; of G;, having the property that Y;- V is non-vacuous 
for each k>K;,. 

If we recall the introductory remarks concerning the relation be- 
tween component-orbits and the point-orbits which they contain we 
see that the inequality G,,-T'.+0 holds for every component I; in 
the orbit G;, since x.€G;,. Hence we have G., Y; #0 for the particular 
(when & is fixed) component selected in the paragraph above. This 
latter statement concerning Y; together with the fact (statement (a) 
in italics above) that V-()>G..+L*) is at most finite tell us there 
exists an integer Ke such that for k> Kz the component Y; intersects 
the complement of V. 

Combining the two properties associated with K; and K; it is clear 
that for k>max (Ki, Kz) each Y; intersects V and the complement 
of V. Hence for each k there exists a point y,€ Y; such that y,E F(V). 
This leads immediately to the conclusion that there exists a point y 
common to L and F(V). By the choice of V this cannot be true and 
the proof is complete. With the aid of Lemma 1* we now prove the 
new theorem which yields the same conclusion as Lemma 2. 


THEOREM. If M is a compact metric space, T(M)=M a pointwise 
periodic transformation and {Gi} a convergent sequence of closed com- 
ponent-orbits under T with limit set L, then L is likewise a closed compo- 
nent-orbit. 


Proor. Case (i): There exists a component X of L such that X 1s iso- 
lated in L. 


| 
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In this case L=G+(L—G), where G is the component orbit of X 
under T, is either a separation of L or the left member is empty. This 
is true because G is both open and closed in L. In view of Lemma 1* 
the left side is empty; hence L=G as stated by the theorem. 

Case (ii): No component of L is isolated in L. 

Since L is not connected let L = L(1)+L(2) be some separation of L. 
By the reasoning applied in Case (i) there exists no isolated com- 
ponent in either L(1) or L(2). Now let L(1)=L(1, 1)+L(1, 2) and 
L(2)=L(2, 1)+L(2, 2) be separations of these sets and express L as 
the sum of the four sets with double indices. Proceeding this way the 
proof is the same as that in Case (ii) of Lemma 2. 

Remarks. Let {G,,} be a sequence of point-orbits such that the 
number of points in Gz, is bounded independent of k. It is a well 
known fact that if {G.,} converges to a limit set L then L is also a 
point-orbit having the same bound. The theorem of this note and the 
simple result just mentioned are obviously of the same type in that 
each characterizes the limit set by the exact property it assumes for 
each element of a given sequence. This analogy is supported by the 
fact that if there is a common bound for the number of components 
in the orbits of the sequence the conclusion of the theorem can be 
augmented to include this bound for the component number of the 
limit set. On the other hand any improvement in the conclusion of 
Lemma 2 which might be suggested by this esthetic point of view 
(because the elements of the sequence have a minimal character) 
seems doomed to failure. These four possibilities form a complete set 
of the bounded, non-bounded, minimal and non-minimal types of se- 
quence. 

These remarks suggest that we examine certain theorems looking 
toward a possible analogy with periodic homeomorphisms—that is, 
the type of homeomorphism for which there exists a positive integer V 
such that every point-orbit contains at most N points. In this con- 
nection let us suppose that M is a compact metric space and K is any 
subset of M such that K=M. If T(K)=K is periodic on K and 
S(M) = M is any homeomorphic extension of T, then S is periodic on 
M. This conclusion follows by an elementary demonstration. Homeo- 
morphic extension is used here as meaning S(M)=M is a homeo- 
morphism such that S(x)=T(x) for x€©K. The author feels that it 
is not only natural to ask about such extensions for the pointwise 
periodic type of homeomorphism, but feels called upon to apologize 
for the relatively minor position the question must occupy in a note 
such as this. The example given below showing that the most obvious 
analogue of the extension theorem above does not hold came up in a 
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discussion group and it was decided on an intuitive basis that the 
extension would be pointwise periodic. Thus one may see in this ex- 
ample something of the inspiration for the theory of this note, a con- 
crete expression of that theory, and at the same time a refutation of 
the intuitive decision. 

EXAMPLE. Let a,b; denote an arc with end points a; and 5. Similarly 
let andy and a12b;2 be arcs with end points an, by and dy, biz respec- 
tively. If we identify the 3 points b;=a:.=day and identify no other 
points, we obtain a triod; that is, a Y shaped figure in which three 
otherwise distinct arcs have a common end point. The end points of 
this triod are a;, by, and by. Choose four more arcs calling them auibu; 
and where 1=1, 2. Identify the end points by =a. and 
also the end points b;2=d121 = d122 making however no other identifica- 
tion. This process can be continued indefinitely, the general rule being 
to identify the a-end points of exactly two new arcs with a particular 
b-end point of the dendrite obtained in the previous stage. (Note that 
a; remains as an end point at all times.) The completed figure is to 
be a dendrite such that all end points other than a, lie on the Cantor 
discontinuum (middle third set) of some linear interval. The discon- 
tinuum is chosen in advance, the arcs added at each stage all have the 
same diameter, say 5,, where 6, approaches zero as m increases, and 
the arcs as added “reach” toward, but never intersect the discon- 
tinuum. This is a well known construction usually used to illustrate a 
dendrite with uncountably many end points. 

We now denote the complete dendrite by D, the Cantor set of end 
points by C, and let K=D—C. A homeomorphism T(K)=K is de- 
fined as follows: T leaves each point of the arc a,b, fixed. The arc 
is sent into the arc so that T(by) =by and T(b2) =by and 
in general p(T, x) =2 for xCanbu—au. Note that an =a2.=); is fixed. 
We will call this the second stage. The four arcs a1j.5:;, for 7=1, 2 and 
k=1, 2 are permuted by T so that p(T, x)=4 for xCaipbijpz—Oizn 
while 7 (11) = T (111) = 121 = G22 has period 2 as was defined pre- 
viously. This is the third stage. In general the arcs added at the mth 
stage suffer a permutation among themselves of the period 2*~' and 
the transformation agrees with the part described for the (n—1)th 
stage in the natural way indicated by the common points. 

It is clearly true that 7(K)=K so defined and the associated in- 
verse J7~'(K) =K homeomorphism are each uniformly continuous on 
K. If necessary D can be constructed in the unit square using straight 
line segments. The high degree of symmetry allows T to act as a 
“rigid motion” from which the uniform continuity is apparent. It fol- 
lows that T(K)=K may be extended to a homeomorphism S(D) =D 
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defined over all of D. However S is not pointwise periodic for 
Gi, = bi, Go, = bi + dis, 


and so on, is a sequence of point-orbits which may be considered as 
component-orbits relative to themselves. This sequence converges to 
Cand Cis not the orbit of one of its components; that is, not the orbit 
of one of its points since it contains uncountably many points. The 
local connectivity, symmetry, and so on, of this example indicate that 
any conditions on K = M=D that are sufficient to make S inherit the 
pointwise periodic property must be highly restrictive. 
THE UNIVERSITY OF VIRGINIA AND 
CorNELL UNIVERSITY 


CORRECTION TO “CLOSURE OF PRODUCTS 
OF FUNCTIONS” 


D. G. BOURGIN 

Page 811, line 7. Replace F(t) by c(t) F(t). 

Page 811, line 10. Replace corresponding by largest. 

Add to postulate (a) T(E) admits no finite basis. 

Page 813, lines 13 and 14. Replace (b’) and (c’) by (b’’) and (c’’). 

In footnote 13 replace E by I, and The sets - - - also by The se- 
quence {f’s*} - - - also. 

Page 814, line 25. Replace the set F(t), $.(t), c=1,---, m, is 
linearly independent by F(t) is not linearly dependent on ¢,(é), 
o=1,---,mn. 
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1 This Bulletin, vol. 46 (1940), pp. 807-815. 
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Thus far the Society has received approximately $16,800. The estate is not en- 
tirely settled, and the Society will receive additional funds within the next few 
years. 


The Ernest William Brown Fund. 


From the will of Professor E. W. Brown, a fund of $1000 is available, the 
interest on which, at the discretion of the Council, can be used for the further- 
ance of such mathematical interests as (a) the publication of important mathe- 
matical books, memoirs, and periodicals, and (b) lectures to be delivered on 
special occasions by invited guests of the Society. 


SELECTIONS FROM THE TABLE OF LIFE 
MEMBERSHIP FEES 


(Rates for other years may be obtained from the Treasurer.) 


Age Fee Age Fee 
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INSTITUTIONAL MEMBERS 


Azadia University, Wolfville, Nova Scotia, Canada. 

Amherst College, Amherst, Mass. 

Bell Telephone Laboratories, New York, N.Y. 

Beloit College, Beloit, Wis. 

Bowdoin College, Brunswick, Me. 

Brigham Young University, Provo, Utah. 

Brooklyn College, Brooklyn, N.Y. 

Brown University, Providence, R.I. 

Bryn Mawr College, Bryn Mawr, Pa. 

University of Buffalo, Buffalo,N.Y. 

California Institute of Technology, Pasadena, Calif. 

University of California, Berkeley, Calif. 

University of California at Los Angeles, Los Angeles, Calif. 

Carnegie Institute of Technology, Pittsburgh, Pa. 

Case School of Applied Science, Cleveland, Ohio. 

Catholic University of America, Washington, D.C. 

University of Chicago, Chicago, III. 

University of Cincinnati, Cincinnati, Ohio. 

College of the City of New York, New York, N.Y. 

University of Colorado, Boulder, Colo. 

Columbia University, New York, N.Y. 

Connecticut College, New London, Conn. 

Cornell University, Ithaca, N.Y. 

Dartmouth College, Hanover, N.H. 

Duke University, Durham, N.C. 

Equitable Life Insurance Company of Iowa, Des Moines, Iowa. 

Georgetown University, Washington, D.C. 

Gettysburg College, Gettysburg, Pa. 

Harvard University, Cambridge, Mass. 

University of Illinois, Urbana, III. 

Indiana University, Bloomington, Ind. 

Institute for Advanced Study, Princeton, N.J. 

Iowa State College, Ames, Iowa. 

The State University of Iowa, Iowa City, Iowa. 

The Johns Hopkins University, Baltimore, Md. 

University of Kansas, Lawrence, Kan. 

University of Kentucky, Lexington, Ky. 

Louisiana State University, Baton Rouge, La. 

McGill University, Montreal, Quebec, Canada. 

University of Manitoba, Winnipeg, Manitoba, Canada. 

Massachusetts Institute of Technology, Cambridge, Mass. 

Mathematical Association of America, Oberlin, Ohio. 

Metropolitan Life Insurance Company, New York, N.Y. 

Michigan State College of Agriculture and Applied Science, East Lansing, 
Mich. 

University of Michigan, Ann Arbor, Mich. 
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University of Minnesota, Minneapolis, Minn. ; 
University of Missouri, Columbia, Mo. i 
University of Nebraska, Lincoln, Neb. 

University of New Mexico, Albuquerque, N.Mex. 

New York University, New York, N.Y. 

University of North Carolina, Chapel Hill, N.C. 

Northwestern University, Evanston, III. 

University of Notre Dame, Notre Dame, Ind. 

University of Oklahoma, Norman, Okla. 

Oregon General Research Council, Corvallis and Eugene, Ore. 
Pennsylvania State College, State College, Pa. 

University of Pennsylvania, Philadelphia, Pa. 

University of Pittsburgh, Pittsburgh, Pa. 

Purdue University, Lafayette, Ind. 

University of Rochester, Rochester, N.Y. 

Rutgers University, New Brunswick, N.J. 

The College of St. Thomas, St. Paul, Minn. 

Smith College, Northampton, Mass. 

University of Southern California, Los Angeles, Calif. 
Stanford University, Stanford University, Calif. 

Stevens Institute of Technology, Hoboken, N.J. 

Swarthmore College, Swarthmore, Pa. 

Sweet Briar College, Sweet Briar, Va. 

Syracuse University, Syracuse. N.Y. 

University of Toronto, Toronto, Ontario, Canada. 

Trinity College, Hartford, Conn. 

Tulane University, New Orleans, La. 

Vassar College, Poughkeepsie, N.Y. 

Virginia Polytechnic Institute, Blacksburg, Va. 

University of Virginia, Charlottesville, Va. 

University of Washington, Seattle, Wash. 

Washington University, St. Louis, Mo. 

Wayne University, Detroit, Mich. 

Wellesley College, Wellesley, Mass. 

Wells College, Aurora, N.Y. 

Wesleyan University, Middletown, Conn. 

Western and Southern Life Insurance Company, Cincinnati, Ohio. 
Western Reserve University, Cleveland, Ohio. 

Williams College, Williamstown, Mass. 

Yale University, New Haven, Conn. 


ORGANIZATIONS COOPERATING AS NON MEMBERS 


Lehigh University, Bethlehem, Pa. 
National Research Council, Washington, D.C. 
Princeton University, Princeton, N.J. 
Rockefeller Foundation, New York, N.Y. 
University of Wisconsin, Madison, Wis. 


MEMBERS OF THE SOCIETY 
September, 1940 


(Life members are designated by ¢; nominees of institutional members by §.) 


Ackermann-Teubner, Dr. B. G. A. Poststrasse 3, Leipzig, Germany. 

Adams, Prof. C. R. Brown Univ., Providence, R.I. 60 Intervale Road. 

Adams, Prof. E. P. Princeton Univ., Princeton, N.J. Edgerstoune. 

Adams, Dr. Rachel B. (Mrs. C. R.). Tutor, Radcliffe Coll, Cambridge, Mass. 
60 Intervale Road, Providence, R.I. 

Ader, Asst. Prof. O. B. Wofford Coll., Spartanburg, S.C. 420 S. Fairview. 

amen” "®, Prof. V. W. Univ. of Arkansas, Fayetteville, Ark. 236 Buchanan 


Adler, “Claire F. (Mrs. E. H.). Instr., Washington Square Coll., New York 
Univ., New York, N.Y. 189-21 Tioga Drive, St. Albans, N.Y. 

Adshead, Asso. Prof. J. G. Dalhousie Univ., Halifax, Nova Scotia, Canada. 

Agard, Prof. H. L. Williams Coll., Williamstown, Mass. 

Agnew, Prof. R. a Cornell Univ., Ithaca, N.Y. 112 White Hall. 

Ahlfors, Se . Univ. of Helsingfors, Helsingfors, Finland. V. Lang- 
vagen 

Akeley, ‘Asst. Prof. E. S. Purdue Univ., Lafayette, Ind. 220 Waldren St. 

Alaoglu, > Leonean. Instr., Harvard Univ., Cambridge, Mass. 17 Sum- 
ner Roa 

Albert, Asso. Prof. A. A. Univ. of Chicago, Chicago, Ill. Eckhart Hall. 

Albert, Dr. G. E. Instr., Ohio State Univ., Columbus, Ohio. Math. Dept. 

Albert, Prof. O. W. Univ. of Redlands, Redlands, Calif. 629 Buena. Vista St. 

Alden, Prof. H. H. New Mexico Military Inst., Roswell, N. Mex. 

Alexander, Dr. H. W. Fenn Coll., Cleveland, Ohio. 

Alexander, Prof. J. W. Inst. for Advanced Study, Princeton, N.J. 29 Cleve- 
land Lane. 

Alfieri, F. A. Metropolitan Life Insurance Co., 1 Madison Ave., New York, 
N.Y. 55 Nagle Ave. 

Alger, P. L. Electrical Engineer, General Electric Co., Schenectady, N.Y. 
1758 Wendell Ave. 

Allen, Prof. E. B. Rensselaer Polytechnic Inst., Troy, N.Y. 4 Sheldon Ave. 

Allen, Asso. Prof. E. S. Iowa State Coll., Ames, Iowa. 

Allen, Dr. Florence E. Instr., Univ. of Wisconsin, Madison, Wis. 219 
Lathrop St. 

§Allen, Asst. Prof. Harriet W. Hollins Coll., Hollins College, Va. 

Allendoerfer, Asst. Prof. C. B. Haverford Coll., Haverford, Pa. 

Allison, Prof. N. B. Kentucky Wesleyan Coll., Winchester, Ky. 

Alsberg, Julius. Consulting Engineer, 114 E. 32d St., New York, N.Y. 

Ambrose, Dr. Warren. Inst. for Advanced Study, Princeton, N.J. 

Ames, be nal Sig D. B. Rensselaer Polytechnic Inst., Troy, N.Y. 117 Elm- 

ove Ave 

Ames, Prof. L. D. Univ. of Southern California, Los Angeles, Calif. 

Ananda-Rau, Prof. K. Presidency Coll., Madras, India. 

Anastasia Maria, Sister. Immaculata Coll., Immaculata, Pa. Math. Dept. 

Anderson, Prof. Mae R. Concordia Coll., Moorhead, Minn. 507 10th St. S. 

§Anderson, Dr. P. H. Instr., Univ. of Illinois, Urbana, Ill. 515 Bash Ct., 
Champaign, 

scams Asst. Prof. R. Lucile. Hunter Coll., Bedford Park Blvd. and Navy 

Ave., New York, N.Y. 

§Anderson, T. W. 2435 Laundale Ave., Evanston, IIl. 

Anderson, Prof. W. E. Miami Univ., ‘Oxford, Ohio. 112 E. Walnut St. 

Anthony, Lucius. Woodinville, Wash. 

Archibald, Asst. Prof. H. F. Keuka Coll., Keuka Park, N.Y. 

tArchibald, Prof. R. C. Brown Univ., Providence, R.I. 

Archibald, Asst. Prof. R. G. Queens Coll., Flushing, N.Y. 

Arms, Prof. R. A. Gettysburg Coll., Gettysburg, Pa. 59 Lincoln. 
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Armstrong, Dr. Beulah M. Associate, Univ. of Illinois, Urbana, Ill. 364 
Math. Bld 

Arnold, Dr. H. x: Instr., Univ. of Minnesota, Minneapolis, Minn. 2480 Lake 
St., Lincoln, Neb. 

Arnold, Asso. Prof. Herbert E. Wesleyan Univ., Middletown, Conn. 

§Arnold, ome E. 335 S. Division St., Ann Arbor, Mich. 

tArnold, aes . Engineer, 60 Hudson St., New York, N.Y. 37 Washington 


Squi 
Arnethy, ‘Sister M. Nicholas. Prof., Marymount Coll., Salina, Kan. 
Aroian, a> . A. Instr., Hunter Coll., Lexington ‘Ave. and 68th St., New 


Yor Ny 
667 W. 161st St., New York, N 
Artin, Prof. Emil. Indiana Univ., Ache sk Ind. 715 S. Fess Ave. 
Ashman, E. T. Darien High School, Darien, Conn. 11 Fairview Ave. 
Astrachan, Asst. Prof. Max. Antioch Coll., Yellow Springs, Ohio. 
Atanasoff, Asso. Prof. J. V. lowa State Coll., Ames, Iowa. Math. Dept. 
Atchison, Prof. C. S. Washington and Jefferson Coll., Washington, Pa. 
§Atkins, H. P. Assistant, Univ. of Rochester, Rochester, N.Y. River Campus. 
Aucoin, A. A. Univ. of Houston, Houston, Tex. Math. Dept. 
Aude, Prof. H. T. R. Colgate Univ., Hamilton, N.Y. 
Ayres, Asso. Prof. Frank. Dickinson Coll., Carlisle, Pa. 426 S. Pitt St. 
Ayres, Dr. H. C. Instr., U. S. Naval Academy, Annapolis, Md. Math. Dept. 
aoe, See Prof. W. L. Univ. of Michigan, Ann Arbor, Mich. 1204 Henry 

t. 


Babcock, Dean R. W. Division of General Science, Kansas State Coll., Man- 
hattan, Kan. 
Babcock, Asso. Prof. Wealthy. Univ. of Kansas, Lawrence, Kan 
+Bacon, Prof. Emeritus Clara L. Goucher Coll., Baltimore, Md. 2316 N. 
Calvert St. 
Bacon, ore Prof. H. M. Stanford Univ., Stanford University, Calif. Box 
1144. 


Baer, Asso. Prof. Reinhold. Univ. of Illinois, Urbana, Ill. Math. Dept. 

Bagby, Dean L. C. Coll. of Engineering, Linsly Inst. of Technology, Wheel- 
ing, W.Va. 74 Greenwood Ave. 

Baidaff, Prof. B. I. National Univ. of Buenos Aires, Buenos Aires, Argentina. 
Av. de Mayo 560. 

Bailey, Dr. H. W. Director, Personnel Bureau, and Asst. Prof., Univ. of Illi- 
nois, Urbana, III. 

Bailey, Asst. Prof. R. P. Lafayette Coll., Easton, Pa. 628 Monroe St. 

Baker, Asst. Prof. Frances E. Mt. Holyoke Coll., South Hadley, Mass. 

Baker, Dr. G. A. Instr. and Junior Statistician, Coll. of Agriculture, Univ. 
of California, Davis, Calif. 

Ball, Asst. Prof. N. H. U.S. Naval Academy, Annapolis, Md. 

Ballantine, Dr. Constance R. (Mrs. J. P.). Associate, Univ. of Washington, 
Seattle, Wash. 1802 Ravenna Blvd. 

ee Prof. J. P. Univ. of Washington, Seattle, Wash. 1802 Ravenna 


Ivd. 
Ballard, Dr. Ruth M. (Mrs. F. K.). Wright Junior Coll!., Chicago, IIl. 636 
Wellington Ave. 
—. + hn D. H. Georgia School of Technology, Atlanta, Ga. 154 
t 
Bamforth, Asso. Prof. F. R. Ohio State Univ., Columbus, Ohio. Math. Dept. 
Banks, Prof. G. B. Niagara Univ., Niagara University, N.Y. Physical Science 


Dept. 
sai | Dr. S. F. Instr., Coll. of the City of New York, 139th St. and Convent 
Ave., New York, N.Y. 114-17 180th Albans, N.Y. 
Bardell, Asst. Prof. R.H. Univ. of Wisconsin at Milwaukee, Milwaukee, Wis. 
Bareis, Asst. Prof. Grace M. Ohio State Univ., Columbus, Ohio. Canal 
Winchester, Ohio. 
agg Dr. Valentin. Inst. for Advanced Study, Princeton, N.J. 
a? J. E. Asst. Mathematician, U. S. Naval Proving Ground, Dahlgren, 
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Barlow, D. D. Pres., Atlantic, Gulf, and Pacific Co., 15 Park Row, New York, 
-Y.; Mayor, Plainfield, N.J. 930 Woodland Ave., Plainfield, NJ. 
Barnard, Asso. Prof. R. W. Univ. of Chicago, Chicago, lil. Eckhart Hail. 
Barnes, ‘Asso. Prof. J. L. Tufts Coll., Medford, Mass. 16 Ardley Road, Win- 
chester, Mass. 
Barnes, Dr. Mabel S. Ae ig J. L.). 16 Ardley Road, Winchester, Mass. 
Barnett, Asso. Prof. I. A. Univ. of Cincinnati, Cincinnati, Ohio. 
Barnett, Asst. Prof. Joseph. Oklahoma Agricultural and Mechanical Coll., 
Stillwater, Okla. 520 Maple Ave. 
Barnett, Burlington High School, Burlington, Ky. 
Bemnbert, Pr ? . C. A. Univ. of New ‘Mexico, Albuquerque, N.Mex. 115 S. 
aple St. 
Barral-Souto, Prof. José. National Univ. of Buenos Aires, Buenos Aires, Ar- 
gentina. Cordoba 1459. 
Barron, J. J. St. Jose - Coll., Hartford, Conn. 
Bartels, Dr. R. C. Instr., Univ. of Michigan, Ann Arbor, Mich. Math. 


Dept. 

Bartky, Dr. Walter. Instr., Univ. of Chicago, Chicago, Ill. 

Bartleson, E. L. Asst. Mathematician, Actuarial Dept. General, Prudential 
Insurance Co. of America, Newark, N.J. 

Basch, Dr. Alfred. Lecturer, Holy Cross Coll., Worcester, Mass. 

Basoco, Asso. Prof. M. A. Univ. of Nebraska, Lincoln, Neb 

Cee ne Metropolitan Life Insurance Co., 1 Madison Ave., New 

or : 

Basye, Dr. R. E. 5529 Brooklyn Ave., Kansas City, M 

Batchelder, Asso. Prof. P. M. Univ. of Texas, Austin, Tex. 808 W. 22d St. 

Bateman, Prof. Harry. California Inst. of Technology, Pasadena, Calif. 

Bates, Prof. O. K. St. Lawrence Univ., Canton, N.Y. 44 E. Main St. 

7Battig, Leon. Instr., Univ. of Wisconsin at Milwaukee, Milwaukee, Wis. 
2535 Elizabeth St., Sheboygan, Wis. 

nor, E S. Vice Pres., North Shore News Co., 50 Exchange St., Lynn, 

ass. 

Beal, Prof. F. W. Univ. of Pennsylvania, Philadelphia, Pa. College Hall. 

Beale, Asst. Prof. F. S. Lehigh Univ., Bethlehem, Pa. 316 W. Packer Ave. 

Beamish, Sister M. Amator. 5601 Kingsessing Ave., Philadelphia, Pa. 

Bearman, J. E. Statistician, 1128 Sheridan Ave. N., Minneapolis, Minn. 

Beatley, Asso. Prof. Ralph. "Harvard Univ., Cambridge, Mass. Graduate School 
of Education. 

Beatty, Dean Samuel. Faculty of Arts, Univ. of Toronto, Toronto, Ontario, 


Canada. 

Beaty, Asst. Prof. Marjorie Heckel (Mrs. D. W.). Univ. of South Dakota, 
Vermillion, S.Dak. 717 E. Main St. 

§Beaumont, Dr. R. A. Instr., Univ. of Washington, Seattle, Wash. Math. Dept. 

Beaver, Asst. Prof. R. A. New York State Coll. for Teachers, Albany, N.Y. 

Beckenbach, Asst. Prof. E. F. Univ. of Michigan, Ann Arbor, Mich. 

Becker, F. A. Instr., St. Mary’s Univ., San Antonio, Tex. 

Becker, Dr. Miriam F. 309 W. 104th St. New York, N.Y 

Beckwith, Prof. Ethelwynn R. (Mrs. W. ”E.). Milwaukee-Downer Coll., Mil- 
waukee, Wis. 

Beegle, Prof. B. L. Seattle Pacific Coll., Seattle, Wash. 

Beenken, Prof. May M. State Teachers Coll., Oshkosh, Wis. 

§Beesley, E. M. Instr., Univ. of Nevada, Reno, Nev. Math. Dept. 

Belcher, D. R. Asst. Chief Statistician, American Telephone and Telegraph 
Co., 195 Broadway, New York, N.Y. 

Bell, Asso. Prof. Clifford. Univ. of California at Los Angeles, Los Angeles, 
Calif. 10514 Rochester Ave. 

Bell, Prof. E. T. California Inst. of Technology, Pasadena, Calif. 

Bell, J. eee Assistant, Univ. of Wisconsin, Madison, Wis. 1225 Chand- 
er 

Bell, Lois E. Instr., Independence Junior Coll., Independence, Kan. 

Bell, Asst. Prof. P. O. Univ. of Kansas, Lawrence, Kan. 109 Geneva St. 

Bellamy, B. C. Civil Engineer. Lamont, Wyo. 
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§Benac, T. J. Instr., Yale Univ., New Haven, Conn. 2698 Yale Station. 
Bender, Asso. Prof. J. R. Univ. of Idaho, Moscow, Idaho. 

Benedict, Prof. Susan R. Smith Coll., Northampton, Mass. 12 Barrett Pl. 
+Bennett, Prof. A. A. Brown Univ., Providence, R.I. 

Bennett, Asst. Prof. Theodore. Marietta Coll., Marietta, Ohio. 

Benscoter, S. U. Asst. Engineer, U. S. Engineers Office, Boston, Mass. 
§Benson, ease E. Fellow, Univ. of Washington, Seattle, Wash. Math. 


Dep 

Bentley, Br. A. F. R.F.D.2, Paoli, Ind. 

§Bergmann, Dr. P. G. Assistant, Inst. for Advanced Study, Princeton, N.J. 27 
William St. 

Berman, Benjamin. Engineer, Hogan and Berman, 26-16 Skillman Ave., 
Long Island City, N.Y. 

Bernstein, Prof. B. A. Univ. of California, Berkeley, Calif. 2785 Shasta Road. 

Bernstein, Dr. Dorothy L. 3004 N. 49th St., Milwaukee, Wis. 

Bernstein, Prof. Felix. New York Univ., 477 lst Ave., New York, N.Y. 

Bernstorf, Dean Ella E. State Teachers Coll., California, Pa. 

Berry, Asst. Prof. A. C. Columbia Univ., New York, N.Y. 5 Kraft Ave., 
Bronxville, N.Y. 

Berry, Prof. _ J. Polytechnic Inst. of Brooklyn, Brooklyn, N.Y. 224 St. 
Johns 

Berwick, Prof, ‘W. E. H. University Coll., Bangor, Wales. 

Besancon, R. M. Associate, Univ. of Illinois, Chicago, Iil. 

Beth, — Prof. R. A. Michigan State Coll., East Lansing, Mich. Math. 

ept 

Betz, Dr. z E. Instr., Haverford Coll., Haverford, Pa. 

Betz, Asst. Prof. Herman. Univ. of Missouri, Columbia, Mo. 

Betz, William. Mathematics Specialist, Public Schools of Rochester, Rochester, 
N.Y. 652 Melville St. 

ee Prof. H. R. Monmouth Coll., Monmouth, Ill. 1043 E. Detroit 


ve. 

Bibb, Asso. Prof. S. F. Illinois Inst. of Technology, Chicago, III. 

Birchby, Asst. Prof. W. N. California Inst. of Technology, Pasadena, Calif. 
a Prof. Harry. New York State Coll. for Teachers, Albany, 


Bird, Asst. Prof. M. T. Utah State Agricultural Coll., Logan, Utah. 

Birkhoff, Asst. Prof. Garrett. Harvard Univ., Cambridge, Mass. 45 Fayer- 
weather 

Birkhoff, Prof. G. D. Harvard Univ., Cambridge, Mass. 987 Memorial Drive. 

satis >: Asst. Prof. Z. W. Univ. of Washington, Seattle, Wash. Math. 

ept. 

Bisshopp, K. E. 1136 LaSalle St., Beloit, Wis. 

§Bissinger, B. H. Assistant, Cornell Univ., Ithaca, N.Y. White Hall. 

Black, Prof. A. H. Lebanon Valley Coll., Annville, Pa. 485 Maple St. 

Black, Asso. Prof. Florence L. Univ. of Kansas, Lawrence, Kan. Math. Dept. 

Black, Prof. H. L. Westminster Coll., New Wilmington, Pa. 200 High St. 

§Blackwell, D. H. 1301 W. Clark St., Urbana, IIl. 

Blake, Dr. Archie. Asso. Mathematician, U. S. Coast and Geodetic Survey, 
Philadelphia, Pa. 1502 21st St. N.W., Washington, D.C 

Blake, Dr. E. M. Drawer A, Pratt Station, Brooklyn, N.Y. 

Blanch, Dr. Gertrude. Technical Staff, Project for the Computation of 
Mathematical Tables, Works Projects Administration for New York 
sag 475 10th Ave., New York, N.Y. 4823 Clarendon Road, Brook- 


N.Y. 
Blau, J. oy a ge Univ. of North Carolina, Chapel Hill, N.C. Math. Dept. 
Bleick, Dr. W. E. Instr., U. S. Naval Academy, Annapolis, Md. 114 Monti- 
cello Ave. 
Blichfeldt, Prof. Emeritus H. F. Stanford a Stanford University, Calif. 
520 W. Crescent Drive, Palo Alto, Calif. 
+Bliss, Prof. G. A. Univ. of Chicago, Chicago, ll. 
§Bloom, Morris. Fellow, Univ. of Chicago, Chicago, Ill. Eckhart Hall. 
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Bimnbers. Prof. Henry. Ohio State Univ., Columbus, Ohio. 76 E. Blake 


ve. 
Blumenthal, Asso. Prof. L. M. Univ. of Missouri, Columbia, Mo. 
Boas, Dr. R. P. Instr., Duke Univ., Durham, N.C. 4767 Duke Station. 
—— Asst. Prof. Augusto. Univ. of Puerto Rico, Rio Piedras, Puerto 
co. 
Bochner, Asso. Prof. Salomon. Princeton Univ., Princeton, N.J. Fine Hall. 
Bode, Dr. H. W. Bell Telephone Laboratories, 463 West St., New York, 


N.Y. 
Seeder, Dr. Paul. Research Assistant, American Optical Co., Southbridge, 

ass. 
Beehes. a Manager, Life Insurance Dept., 80 Maiden Lane, New York, 


§Boeker, ney I. D. (Mrs.). Instr., Brooklyn Coll., Brooklyn, N.Y. Colling- 
wood Hotel, 45 W. 35th St., New York, N.Y. 

Bohnenblust, Asso. Prof. H. F. Princeton Univ., Princeton, N.J. 

Bohr, Prof. H. A. Univ. of Copenhagen, Copenhagen, Denmark. Magle- 
vaenget 9, Charlottenlund, Denmark. 

Reldyes Asso. Prof. A. W. Univ. of Arizona, ‘Tucson, Ariz. 2309 E. 5th 


t. 

Bolza, Prof. Oskar. Univ. of Freiburg, Freiburg i. Br., Germany. Hotel Ochsen, 
Tubingen, Germany. 

Bond, W. M. Instr., Polytechnic Inst. of Brooklyn (Evening Session), 
Brooklyn, N.Y. 

Bonner, Dr. Harriet R. 406 S. Chester St., Pasadena, Calif. 

Borgman, Asst. Prof. W. M. Wayne Univ., Detroit, Mich. 

Prof. Samuel. Brooklyn Coll., Brooklyn, N.Y. 245 Lenox 

oad. 

Boswell, Asst. Prof. J. M. Cumberland Coll., Williamsburg, Ky. 

Bouckaert, Dr. L. P. 112 Rue Christine, Ostend, Belgium. 

Bourgin, Asst. Prof. D. G. Univ. of Illinois, Urbana, Ill. Inst. for Advanced 
Study, Princeton, N.J. 

§Bourne, S. G. Junior Instr., Johns Hopkins Univ., Baltimore, Md. Math. Dept. 

Bowden, Prof. Emeritus Joseph. Adelphi Coll., Garden City, N.Y. 21 Carleton 
Pl., Baldwin, N.Y. 

Bowden, Muriel A. Headmistress, St. Agatha School, 553 West End Ave., 
New York, N.Y. 405 Park Ave. 

Bower, a Prof. Julia W. Connecticut Coll., New London, Conn. 

Bower, Dr. O. K. Instr., Univ. of Illinois, Urbana, Ill. 369 Math. Bldg. 

Boyce, Prof. Jessie W. Nebraska State ‘Teachers Coll., Wayne, Neb. 518 
Lincoln St. 

Boyce, Asst. Prof. M. G. Western Reserve Univ., Cleveland, Ohio. 

Boyd, Dean P. P. Coll. of Arts and Sciences, Univ. of Kentucky, Lexington, 


Ky. 

Boyer, Dr. C. B. Instr., Brooklyn Coll., Brooklyn, N 

Bradley, Dr. A. D. Instr., Hunter Coll., Bedford Bark I Blvd. and Navy Ave. 
New York, N.Y. 66 Villard Ave., Hastings-on-Hudson, N.Y. 

Bradshaw, Prof. J. W. Univ. of Michigan, Ann Arbor, Mich. 1304 Cam- 
bridge Road. 

Bradt, Paul. Physicist, National Bureau of Standards, U. S. Dept. of Com- 
merce, Washington, D.C. 1847 Mintwood Pl. N.W. 

Brady, Dr. C. P. Instr., Los Angeles City Coll., Los Angeles, Calif. 

§Brady, G. V. Metropolitan Life Insurance Co., 180 Wellington St., Ottawa, 
Ontario, Canada. 

Brahana, Prof. H. R. Univ. of Illinois, Urbana, Ill. 707 S. McCullough. 

Brainard, Millar. Vice Pres., The First National Bank of Boston, 67 Milk 
St., Boston, Mass. 

Bramble, Prof. C. C. Postgraduate School, U. S. Naval Academy, Annapolis, 

Md. 145 Monticello Ave. 

Brand, Prof. Louis. Univ. of Cincinnati, Cincinnati, Ohio. 

Brandeberry, Prof. J. B. Univ. of Toledo, Toledo, Ohio. 

Brant, Dr. Laur2. 33 Capwell Ave., West Warwick, R.I. 
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Brasefield, Prof. S. E. Rutgers Univ., New Brunswick, N.J. 

Bratton, Prof. W. A. Whitman Coll., Walla Walla, Wash. 570 Boyer Ave. 

§Brauer, Dr. A. T. Assistant, Inst. for Advanced Study, Princeton, N.J.; Lec- 
turer, New York Univ., New York, N.Y. 360 Nassau St., Princeton, 


N.J. 

Brauer, ming Prof. Richard. Univ. of Toronto, Toronto, Ontario, Canada. 

. Dept. 

Bray, Prof. H. E. Rice Inst., Houston, Tex. 

Breit, Prof. Gregory. Univ. of Wisconsin, Madison, Wis. Sterling Hall. 

Brenke, Prof. W. C. Univ. of Nebraska, Lincoln, Neb. 

Brenner, Dr. J. L. 1079 Keith Ave., Berkeley, Calif. 

Brewer, Dr. B. W. Instr., Agricultural and Mechanical Coll. of Texas, Col- 
lege Station, Tex. 124 Faculty Exchange. 

Briant, R. C. Fellow, Mellon Inst., Pittsburgh, Pa. 403 Glasgow Road. 

Bright, S. K. High School, Crockett, Tex. 

Brill, John. 75 Seymour St., Marble ‘Arch, London, W. 2, England. 

Brink, Prof. R. W. Univ. of Minnesota, Minneapolis, Minn. 2243 Hoyt Ave., 
St. Paul, Minn. 

Brinkmann, Assoc. Prof. H. W. Swarthmore Coll., Swarthmore, Pa. 

Bristow, Dr. Leonard. Instr., Univ. of Illinois, Urbana, Ill. 360 Math. Bldg. 

Britton, Dr. J. R. Instr., Univ. of Colorado, Boulder, Colo. 736 20th. 

Brixey, Asso. Prof. J. C. Univ. of Oklahoma, Norman, Okla. 927 S. Pickard. 

Brodie, Helen C. 25 E. 86th St., New York, N.Y 

Bronstein, Samuel. Hartford Public High Schools, Hartford, Conn. 56 Adams 


Brooks, Asst. Prof. F. L. Kent State Univ., Kent, Ohio. 

Brown, A. A. F. Instr., Princeton Univ., Princeton, N.J. 
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BY-LAWS OF THE 
AMERICAN MATHEMATICAL SOCIETY 


ARTICLE I 
OFFICERS 


Section 1. The officers of the Society shall be a President, three Vice Presi- 
dents, a Secretary, four Associate Secretaries, a Treasurer, a Librarian, and four 
Editorial Committees, one of four members for the Bulletin, one of three members 
for the Transactions, one of three members for the Colloquium Publications, and one 
consisting of three representatives of the Society on the Board of Editors of the 
American Journal of Mathematics. 

Section 2. It shall be a duty of the President to deliver an address before 
the Society at the close of his term of office or within one year thereafter. 

Section 3, The Librarian shall have charge of arrangements for the exchange 
of the Society’s publications. 


ARTICLE II 


BoarD OF TRUSTEES 


Section 1. There shall be a Board of Trustees consisting of five trustees 
elected by the Society, in accordance with Article IV. 

Section 2. The function of the Board of Trustees shall be to receive and 
administer the funds of the Society, to have full legal control of its investments 
and properties, to make contracts and, in general, to conduct all business affairs 
of the Society. 

Section 3. The Board of Trustees shall have the power to appoint a manager 
and such assistants and agents as may be necessary or convenient to facilitate the 
conduct of the affairs of the Society, and to fix the terms and conditions of their 
employment. The Board may delegate to the officers of the Society duties and 
powers normally inhering in their respective corporative offices, subject to super- 
vision by the Board. The Board of Trustees may appoint committees to facilitate 
the conduct of the business of the Society and delegate to such committees such 
powers as may be necessary or convenient for the proper exercise of those powers. 
Agents appointed, or members of committees designated, by the Board of Trus- 
tees need not be members of the Board. 

Nothing herein contained shall be construed to empower the Board of Trus- 
tees to divest itself of responsibility for, or legal control of, the investments, 
properties and contracts of the Society. 


ARTICLE III 
CouncIL 


Section 1. The Council shall consist of the officers specified in Article I, of 
ex-secretaries who have served as Secretary for ten years or more, of ex-presi- 
dents for a period of six years after the expiration of their respective presidential 
terms, and of fifteen additional elected members chosen in accordance with Ar- 
ticle IV, Section 2. 

Section 2. Its function shall be to formulate and administer the scientific 
policies of the Society and to act in an advisory capacity to the Board of Trustees. 
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Section 3. At meetings of the Council five members shall constitute a quorum 
for the transaction of business. Between meetings business may be transacted 
by a mail vote. This shall require at least fifteen favorable votes and also that 
the number of these votes be three-quarters of those transmitted to the Secretary 
before the time announced for the closing of the polls. In case three or more 
members of the Council request postponement, at time of voting, action on the 
matter at issue shall be postponed until the next meeting of the Council, unless at 
the discretion of the Secretary the question is made the subject of a second letter 
vote, in connection with which brief statements of reasons, pro and con, are 
circulated to members. 

ARTICLE IV 
ELECTION AND TERM OF OFFICE OF OFFICERS AND TRUSTEES 


Section 1. The term of office shall be two years for the trustees, the Presi- 
dent, the Vice Presidents, the Secretary, the Associate Secretaries, and the 
Treasurer; three years each for the Librarian, the Editorial Committees of the 
Bulletin, the Transactions, and the Colloquium Publications, and the fifteen elected 
members of the Council, five of the latter retiring annually; five years for the 
representatives of the Society on the Board of Editors of the American Journal 
of Mathematics. In every case, however, the trustees and officers shall continue 
until their successors shall have been duly elected and qualified. The President, 
the Vice Presidents, and the fifteen elected members of the Council shall not 
be eligible for immediate reelection to their respective offices. 

Section 2. Election of trustees, officers, and members of the Council shall be 
by ballot at the Annual Meeting. An official ballot shall be sent to each member 
by the Secretary at least one month prior to the Annual Meeting, and such ballots, 
if returned to the Secretary in envelopes bearing the names of the voters and 
received prior to the closing of the polls, shall be counted at the Annual Meet- 
ing. Each ballot shall contain a name proposed by the Council for each office 
to be filled, with blank spaces in which the voter may substitute other names. 
A majority of all votes cast, whether in person or by mail, shall be necessary 
for election. In case of failure to secure a majority for any office, the members 
present at the Annual Meeting shall choose by ballot between the two having 
the highest number of votes. 

Section 3. If the President of the Society die or resign, before the expira- 
tion of his term of office, the Council may, with the approval of the trustees, 
designate one of the Vice Presidents to serve as Acting President until the next 
Annual Meeting, when a President shall be elected by the Society. Such vacan- 
cies as may occur at any time among the other officers may be filled by the Council 
with the approval of the trustees. 

Section 4. If any trustee die or resign during his tenure of office, the vacancy 
thus created shall be filled for his unexpired term by the Board of Trustees. 

Section 5. If any elected member of the Council die or resign more than one 
year before the expiration of his term, the vacancy for the unexpired term shall 
be filled by the Society at the next Annual Meeting. 


ARTICLE V 
ELECTION OF MEMBERS 


Section 1. Election of members shall be by vote of the Council. 
Section 2. There shall be four classes of members, ordinary, contributing, in- 
stitutional contributing, and sustaining. 
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Section 3. A firm, corporation, institution, association or individual inter- 
ested in the support of mathematics, may be elected to sustaining membership. 
A sustaining member shall receive both the Bulletin and the Transactions (see 
Article X), and shall have the privilege of nominating one or more persons for 
election by the Council to ordinary membership in the Society, the number to be 
determined by the Council. Such nominations shall not be acted upon until at 
least thirty days after their presentation to the Council (at a meeting or by mail). 

Section 4. A firm, corporation, institution, or association interested in the 
support of mathematics may be elected to institutional contributing membership. 
A contributing member shall receive the Bulletin or have the privilege, for each 
twenty-five dollars contributed, of nominating one person to ordinary member- 
ship in the Society. Such nominations shall not be acted upon until at least thirty 
days after their presentation to the Council (at a meeting or by mail). 

Section 5. Except in the case of nominees of sustaining members and of in- 
stitutional contributing members, application for admission to ordinary member- 
ship shall be made by the applicant, on a blank provided by the Secretary, and 
shall be approved by two members of the Society. Such applications shall not be 
acted upon until at least thirty days after their presentation to the Council (at a 
meeting or by mail), except in the case of members of other societies entering 
under special action of the Council. 

Section 6. An ordinary member may become a contributing member by pay- 
ing the dues for such membership. 


ARTICLE VI 


Section 1. Persons elected to ordinary membership in the Society by the 
Council, under the provisions of Article V, Section 5, shall be admitted to mem- 
bership upon the payment, within sixty days of the date of their election, of an 
initiation fee of five dollars. 

Section 2. The annual dues of persons elected by the Council to ordinary 
membership under the provisions of Article V, Section 5, shall be eight dollars, 
with the following exceptions: (1) during the first three years of membership, 
the annual dues shall be six dollars; a person shall be considered to have com- 
pleted his first year of membership on January 1 following his election; (2) 
the amount of dues may be altered by reciprocity agreements with other societies ; 
(3) the Council may make special rulings in exceptional cases, with the approval 
of the Board of Trustees; four dollars and fifty cents of the dues of each member 
shall be for a year’s subscription to the Bulletin. Each new member shall pay in 
proportion to the unexpired fraction of the year at the time of his election. 

Section 3. The minimum dues for a contributing member shall be fifteen dol- 
lars per year. Members may, upon their own initiative, pay larger dues. 

Section 4. The dues for an institutional contributing member for any year 
shall not be less than twenty-five dollars. Institutions may pay larger dues. 

Section 5. The dues of a sustaining member for any year shall not be less than 
one hundred dollars. A sustaining member who contributes annually at least five 
hundred dollars shall be designated as a Patron of the Society. 

Section 6. Persons elected to ordinary membership as nominees of sustaining ~ 
members or institutional contributing members under the provisions of Article V, 
Sections 3-4, shall not be required to pay an initiation fee. They shall not be 
required to pay dues, so long as it is agreed that they are designated by the 
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sustaining member or institutional contributing member under these provisions. 
If a nominee of a sustaining member or an institutional contributing member 
later becomes a dues-paying member, he shall pay dues at the rate of six dollars 
a year for the remainder (if any) of his first three years of membership, and 
eight dollars a year thereafter. 

Section 7. If the annual dues of any member remain unpaid beyond a reason- 
able time, the Board of Trustees shall remove his name from the list of mem- 
bers, after due notice. 

Section 8. Any member not in arrears of dues may become a life member 
on the payment of a sum to be determined in accordance with actuarial principles.* 

Section 9. Any member who has been retired from active service on ac- 
count of age and has been a member of the Society for twenty years or more 
may, upon notification to the Secretary of such retirement, have his dues re- 
mitted, on the understanding that he will thereafter receive the programs of the 
meetings, but not the Bulletin. 


ARTICLE VII 
MEETINGS 


Section 1. The Annual Meeting of the Society shall be held between the 
fifteenth of December and the fifteenth of January next following. Notice of the 
time and place of this meeting shall be mailed by the Secretary or an Associate 
Secretary to the last known post office address of each member of the Society. 
The times and places of the Annual and other meetings of the Society shall be 
designated by the Council. 

Section 2. The President may call a meeting of the Council whenever the 
affairs of the Society make it desirable; he shall call a meeting of the Coun- 
cil on written request of five of its members. 

Section 3. The Board of Trustees shall have its regular Annual Meeting 
on the first day of the Annual Meeting of the Society. Special meetings of the 
Board of Trustees may be called by the Chairman of the Board upon three days’ 
notice of such meeting mailed to the last known post office address of each 
trustee. He shall call a meeting upon the receipt of a written request of two 
of the trustees. Meetings for the transaction of business may also be held by 
common consent of all the trustees. 


ARTICLE VIII 
SECTIONS 


Whenever it shall appear to the Council that a sufficient number of mem- 
bers of the Society are desirous of conducting in any locality periodic meetings 
for the reading and discussion of mathematical papers, the Council may authorize 
the formation of a Section to be composed at each sectional meeting of such 
members of the Society as may be present; and the Council shall have the right 
to withdraw such authorization. 


ARTICLE IX 
ProGRAMS 


Section 1. Papers intended for presentation at any meeting or sectional meet- 
ing of the Society shall be passed upon in advance by a program committee ap- 


* See table on page 6. 
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pointed by or under the authority of the Council; and only such papers shall 
be presented as shall have been approved by such committee. Papers in form 
unsuitable for publication, if accepted for presentation, shall be referred to on 
the program as preliminary communications or reports. 

Section 2. No matter of general business shall be considered at any meeting 
of the Society except the Annual Meeting without the recommendation of the 
Council. 


ARTICLE X 
PUBLICATIONS 


Section 1. The Society shall publish an official organ called the Bulletin of 
the American Mathematical Society which shall be sent to each member of the 
Society; four dollars and fifty cents of the dues paid by each member shall be for 
a year’s subscription to this publication. It shall publish a series of volumes called 
Colloquium Publications, which shall embody iri book form new mathematical de- 
velopments. It shall publish a journal, the object of which shall be to make 
known important researches presented at meetings of the Society; this journal 
shall be called the Transactions of the American Mathematical Society. It shall 
also codperate in the conduct of the American Journal of Mathematics. 

Section 2. The editorial management of the Bulletin, Transactions, and Collo- 
quium Publications and the participation of the Society in the editorial manage- 
ment of the American Journal of Mathematics shall be in charge of committees 
as specified in Article I. 


ARTICLE XI 
AMENDMENTS 


These By-Laws may be amended or suspended at any meeting of the Society 
on recommendation of the Council and by a two-thirds vote of the members 
present, provided notice of such proposed action and of its general nature shall 
have been given in the call for such meeting. 
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REPORT OF THE TREASURER FOR THE PERIOD 
DECEMBER 1, 1937 TO NOVEMBER 30, 1938 
BALANCE SHEET 
November 30, 1938 
ASSETS 


CASH IN BANKS: 
Corn Exchange Bank Trust Company ....$ 9,531.78 


Union Dime Savings Bank .............. 5,986.55 $ 18,300.62 


RESERVES : 
Endowment Fund $70,481.07 
International Congress .................. 3,884.63 
Bulletin Reprinting and Index Fund .... 498.15 
Transactions Reprinting and Index Fund 220.43 
Transactions Life Subscription .......... 116.60 
SURPLUS AT NOVEMBER 30, 1938 .............. 12,635.94 
Total Reserves and Surplus .......... $142,619.61 


STATEMENT OF GENERAL RECEIPTS AND GENERAL DISBURSEMENTS 
GENERAL RECEIPTS : 


Dues from Ordinary Memberships .................. $13,406.16 
Dues from Contributing Memberships ............... 1,124.96 
Dues from Institutional Memberships ................ 6,455.00 
Interest Income from Endowment Fund and General 


* Value of investments, exclusive of Brennan, Conlon, Sullivan and Daven- 
port bonds and mortgages, based on market quotations on November 30, 1938, is 
$88,666.80. 
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REPORT OF THE TREASURER FOR 1938 


GENERAL DISBURSEMENTS : 


Secretaries (clerical) .......ccccccccssccoccccscgseses $ 4,894.84 
Office Furniture and Fixtures ................222-0005 169.22 
Membership Committee 28.93 
American Journal Subvention ....................... 2,500.00 
Total General Disbursements ..................... 9,294.36 
EXCESS OF GENERAL RECEIPTS OVER GENERAL DISBURSEMENTS $16,650.35 
SURPLUS AT DECEMBER 1, 1937 ..... $18,142.71 
Additions : 
Adjustment—Amortization of Investments ........ $ 70.79 
Adjustment—Life Membership Reserve .......... 225.38 
Adjustment—Transactions Subscription Reserve .. 1.19 
Excess of General Receipts over General Disburse- 
ments (see QDOve) 16,650.35 16,947.71 
Deductions : 
Appropriation to: 
Investment Account for Bonds in Default ....... $ 3,600.00 
Reserve for Investment Losses ................. 665.44 
Transactions Reprinting Account ............... 500.00 
SURPLUS AT NOVEMBER 30, 1938 .............00cceceeeeeeees $12,635.94 
BULLETIN 
Receipts : 
Appropriation from General Receipts ................ 9,189.52 
Disbursements : 
Printing (2 numbers for 1937, 10 for 1938) ........ $ 6,757.79 
East of Members... 4253. 620.13 
Salaries, Annuity and Pension ................... 3,093.49 


Miscellaneous—Office Furniture, Supplies, etc. .... 


10,957.96 
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BULLETIN REPRINTING AND INDEX 


BALANCE aT 3D, 1038 $ 498.15 
TRANSACTIONS 
Receipts: 
Appropriation from General Receipts ................. 3,249.52 
Disbursements : 
Printing (1 number for 1937, 5 for 1938) .......... $ 6,499.92 
Salaries, Annuity and Pension ................... 1,755.45 
Miscellaneous—Postage, Supplies, etc. ............ 308.81 8,584.34 


TRANSACTIONS REPRINTING AND INDEX 


Appropriation from General Receipts ................ 500.00 
CoLLoguIUM 
BALANCE Ay 1, 1957... $ 9,806.32 
Receipts : 
Sales of Colloquium Volumes .................+-+ $ 1,976.47 
Sales of Colloquium Volume 16 (Bliss) for National 
Appropriation from General Receipts ................. 1,250.00 3,359.86 
Disbursements : 


Miscellaneous—Shipping, Supplies, etc. (including 
cost of shipping Volume 16 for National Research 


Payment to National Research Council for Volume 

Colloquium Lecture Expenses 15.00 2,352.27 
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INTERNATIONAL CONGRESS 


BALANCE AT NOVEMBER 30, 1938 ...........2220ceeeeccececees $ 3,884.63 
SEMICENTENNIAL 
BALANCE AT DECEMBER 1, 1937 .............20cceecceccecees $ 2,000.00 
Receipts : 
Registration Fees, Ticket Sales, etc. .............. $ 3,307.28 
Appropriation from Sinking Fund .................... 2,019.23 
Disbursements : 
Enlarged List of Members .................-.-.-- 400.00 8,345.82 
SpecraL Funps 
Total Principal Income 
ENDOWMENT FUND 
Balance at December 1, 1937 .............++ $70,456.07 $70,456.07 
Additions: 
Income and Gifts ...............0- 2,444.39 25.00 $2,419.39 
Adjustment for Amortization of In- 
Deduction : 
Interest Distributed to General Income 2,464.91 2,464.91 
Balance at November 30, 1938 ............... $70,481.07 $70,481.07 
BOCHER FUND 
Balance at December 1, 1937 ............... $ 2,107.49 $ 1,188.00 $ 919.49 
Additions : 
Adjustment for Amortization of In- 
Balance at November 30, 1938 ............... $ 2,182.46 $ 1,188.00 $ 994.46 
COLE FUND 
Balance at December 1, 1937 ............... $ 3,211.35 $ 2,093.13 $1,118.22 
Additions : 
Adjustment for Amortization of In- 
Balance at November 30, 1938 .............. $ 3,323.82 $ 2,093.13 $1,230.69 
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MOORE FUND 
Balance at December 1, 1937 ............... $ 4,173.89 $ 2,100.62 $2,073.27 
Additions : 
Adjustment for Amortization of In- 
Balance at November 30, 1938 .............. $ 4,319.16 $ 2,100.62 $2,218.54 
REILLY FUND 
Balance at December 1, 1937 ................ $ 6,729.84 $ 6,531.00 $ 198.84 
Additions : 
Adjustment for Amortization of In- 
Received from Estate of Marion 
Balance at November 30, 1938 .............. $17,733.35 $17,014.34 $ 719.01 


BENNINGTON P. GILL 


Treasurer 
New York, N.Y. 
November 30, 1938 


REPORT OF THE AUDITING COMMITTEE 
1938 
We, the undersigned Auditing Committee, appointed by the American Mathe- 


matical Society, have this day audited the accounts of the Treasurer and in our 
opinion the following statement is correct : 


CASH BALANCE AT DECEMBER 1, 1937: 


Corn Exchange Bank Trust Company ................ $3,579.88 
Cash Receipts—December 1, 1937 to November 30, 1938 46,612.49 
Interest on Savings Accounts in Bank for Savings and 
Cash Disbursements—December 1, 1937 to November 30, 
CASH BALANCE AT NOVEMBER 30, 1938: 
Corn Exchange Bank Trust Company ................... $9,531.78 


$18,300.62 


G. ARCHIBALD 
ALBert E. Meper, Jr. 
New York, N.Y. 
December 20, 1938 
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DECEMBER 1, 1938 TO NOVEMBER 30, 1939 


BALANCE SHEET 
November 30, 1939 


ASSETS 
CASH IN BANKS: 
Corn Exchange Bank Trust Company :...$ 3,037.95 


City Bank Farmers Trust Company ...... 5,554.34 

Emigrant Industrial Savings Bank ....... 7,508.88 

Providence Institution for Savings ....... 3,500.00 

Union Dime Savings Bank ............. 6,107.17 $ 28,546.69 

RESERVES AND SURPLUS 

RESERVES : 

$70,506.07 

ety Pand 18,494.11 

Life Memberships 5,720.15 

International Congress ................-. 5,716.62 

Bulletin Reprinting and Index Fund ...... 311.76 

Transactions Reprinting and Index Fund .. 220.43 

Transactions Life Subscription .......... 115.37 

Mathematical Reviews .................. 61,431.89 $193,660.94 
SURPLUS AT NOVEMBER 30, 1939 ............... 9,405.61 

Total Reserves and Surplus .......... 


$203,066.55 


$203,066.55 


STATEMENT OF GENERAL RECEIPTS AND GENERAL DISBURSEMENTS 


GENERAL RECEIPTS : 


Dues from Ordinary Memberships .................. $13,541.71 
Dues from Contributing Memberships ............... 1,163.92 
Dues from Institutional Memberships ................ 6,530.00 
Interest Income from Endowment Fund and General 
Total General Receipts 


$26,472.77 


* Value of investments, exclusive of Brennan, Sullivan and Conlon bonds and 
mortgages, based on market quotations on November 30, 1939, is $146,375.13. 
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GENERAL DISBURSEMENTS : 


American Journal Subvention .....................0.- 2,500.00 
Accrued Interest Purchased ................20--eeee0e 191.45 
Total General Disbursements ...................- 11,215.12 
EXCESS OF GENERAL RECEIPTS OVER GENERAL DISBURSEMENTS $15,257.65 
Additions : 
Adjustment—Amortization of Investments ........ $ 47.65 
Adjustment—Life Membership Reserve ............ 273.74 
Adjustment—Transactions Subscription Reserve ... 1.23 
Excess of General Receipts over General Disburse- 
Titel” 26533 $28,216.21 
Deductions: 
Appropriation to: 
Investment Account for Bonds in Default ........ $ 3,600.00 
Reserve for Investment Losses ................- 990.05 
Mathematical Reviews Account ................. 500.00 18,810.60 
SURPLUS AT NOVEMBER 30, 1939 ..........0ceccceccceccceece $ 9,405.61 
BULLETIN 
Receipts: 
Appropriation from General Receipts ................ 9,632.72 
Disbursements : 
Printing (2 numbers for 19338, 10 for 1939) ....... $ 7,419.04 
Salaries, Annuity and Pension ..................-. 3,223.84 
Miscellaneous—Office Furniture, Supplies, etc. .... 608.00 11,499.20 


REPORT OF THE TREASURER FOR 1939 


BuLLETIN REPRINTING AND INDEX 


BALANCE AT NOVEMBER 30, 1939 ...........2220ecceeceeeeeees $ 311.76 
TRANSACTIONS 
Receipts : 
Appropriation from General Receipts ................. 
Disbursements : 
Printing (1 number for 1938, 5 for 1939) .......... $ 6,792.53 
Salaries, Annuity and Pension ................... 1,710.00 
Miscellaneous—Postage, Supplies, etc. ............ 301.33 9,102.48 
TRANSACTIONS REPRINTING AND INDEX 
BALANCE AT DECEMBER 1, 1938 .............022eceeeceecces $ 220.43 
BALANCE AT NOVEMBER 30, 1939 .............220ececceeeees $ 220.43 
CoLLoguiuM 
Receipts : 
Sales of Colloquium Volumes ..................... $ 2,404.51 
Sales of Colloquium Volume 16 (Bliss) for Na- 
Appropriation from General Receipts ................. 750.00 
Disbursements : 
Printing (Volumes 23 and 24) ................02- $ 4,559.28 
Miscellaneous—Shipping, Supplies, etc. (including 
cost of shipping Volume 16 for National Research 
Payment to National Research Council for Volume 


$ 8,075.38 
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MATHEMATICAL REVIEWS 


Receipts : 
Appropriation from General Receipts ................. 500.00 
Disbursements : 
Cisceflars and Adivertising ... 411.42 
BALANCE AT WOVEMEER DU, $61,431.89 
INTERNATIONAL CONGRESS 
Receipts : 
Disbursements: 
Miscellaneous—Supplies, Telegrams, Furniture, etc. 223.70 1,973.01 


SPECIAL Funps 


$ 5,716.62 


Total Principal Income 
ENDOWMENT FUND 
Balance at December 1, 1938 ............... $70,481.07 $70,481.07 

Additions : 

Adjustment for Amortization of In- 

Deduction: 
Interest Distributed to General Income 3,024.60 3,024.60 


Balance at November 30, 1939 .............. $70,506.07 $70,506.07 
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BOCHER FUND 


$ 1,188.00 $ 994.46 


88.22 


$ 1,188.00 $1,083.62 


$ 1,188.00 $ 983.62 


$ 1,000.00 


$ 1,000.00 $ 12.52 


$ 2,093.13 $1,230.69 


$ 2,093.13 $1,373.37 


$ 2,100.62 $2,218.54 


Balance at December 1, 1938 .............. $ 2,182.46 
Additions: 
Adjustment for Amortization of In- 
WESTINEING .94 
Deduction: 
Balance at November 30, 1939 .............. $ 2,171.62 
BROWN FUND 
Received from Estate of E. W. Brown ..$ 1,000.00 
Adjustment for Amortization of In- 
Balance at November 30, 1939 ............... $ 1,012.52 
COLE FUND 
Balance at December 1, 1938 ................ $ 3,323.82 
Additions: 
Adjustment for Amortization of In- 
Balance at November 30, 1939 ............ $ 3,466.50 
MOORE FUND 
Balance at December 1, 1938 ............... $ 4,319.16 
Additions: 
Adjustment for Amortization of In- 
Balance at November 30, 1939 ............... $ 4,504.31 


$ 2,100.62 $2,403.69 


REILLY FUND 


$17,014.34 $ 719.01 
752.76 


8.00 


Balance at December 1, 1938 ............... $17,733.35 
Additions: 
Adjustment for Amortization of In- 
Balance at November 30, 1939 .............. $18,494.11 


$17,014.34 $1,479.77 


BENNINGTON P. GILL 


New York, N.Y. 
November 30, 1939 


Treasurer 
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REPORT OF THE AUDITING COMMITTEE 
1939 


We, the undersigned Auditing Committee, appointed by the American Mathe- 
matical Society, have this day audited the accounts of the Treasurer and in our 
opinion the following statement is correct : 


CASH BALANCE AT DECEMBER 1, 1938: 


Corn Exchange Bank Trust Company ............... $9,531.78 
Cash Receipts—December 1, 1938 to November 30, 1939 116,562.39 


Interest on Savings Accounts in Union Dime Savings 
Bank, Bank for Savings and Emigrant Industrial Sav- 


Cash Disbursements—December 1, 1938 to November 
CASH BALANCE AT NOVEMBER 30, 1939: 
Corn Exchange Bank Trust Company ................ $3,037.95 
City Bank Farmers Trust Company ................... 5,554.34 
Emigrant Industrial Savings Bank ................... 7,508.88 
Providence Institution for Savings .................... 3,500.00 
$ 28,546.69 


G. ARCHIBALD 
ALBERT E. MeEper, Jr. 
New York, N.Y. 
December 18, 1939 
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PUBLICATIONS 


JourRNALS 


Bulletin of the American Mathematical Society. 
Transactions of the American Mathematical Society. 
Mathematical Reviews. 


Books 
F. Klein, The Evanston Colloquium Lectures on Mathematics, 1894, 
x, 109 pp.; reprinted, 1911, xii, 109 pp. $1.00 
Mathematical Papers Read at the International Mathematical Con- 
gress, 1896, xvi, 411 pp. 4.70 


Semicentennial Publications. 


1. R. C. Archibald, A Semicentennial History of the American 
Mathematical Society, 1888-1938, with Biographies and Bib- 
, liographies of the Past Presidents, 1938, xii, 261 pp., 30 plates. 
2. Semicentennial Addresses, 1938, vi, 315 pp. 


ss 


CoLtoguium SERIES 


1. H.S. White, Linear Systems of Curves on Algebraic Surfaces; 
F. S. Woods, Forms of Non-Euclidean Space; 
E. B. Van Vleck, Selected Topics in the Theory of Divergent 
Series and of Continued Fractions; 1905, xii, 187 pp. 3.00 
2.* E. H. Moore, Introduction to a Form of General Analysis; 
M. Mason, Selected Topics in the Theory of Boundary Value 
of Differential Equations; 
E. J. yg ems Projective Differential Geometry; 


‘19 10, x, 
3. G. A. Biss F Fulsiansentel Existence Theorems, 1913, x, 107 

pp.; reprinted, 1934, iv, 107 pp. 2.00 
3: E. Kasner, Differential-Geometric Aspects of Dynamics, 1913, 

iv, 117 pp.; reprinted, 1934, iv, 117 pp. 2.00 


4.* L. E. Dickson, On Invariants and the Theory of Numbers; 

W. F. Osgood, Topics in the Theory of Functions of Several 
Complex Variables; 1914, xviii, 230 pp. 

5.* G. C. Evans, Functionals and their Applications. Selected 


Topics, Including Integral Equations, 1918, xii, 136 pp. 
52.* O. Veblen, Analysis Situs, 1922, viii, 150 pp.; second ed., 1931, 


x, 194 pp. 
The Logarithmic Potential. Discontinuous Di- 
richlet and Neumann Problems, 1927, viii, 150 pp. 2.00 
7. E. T. Bell, Algebraic Arithmetic, 1927, iv, 180 pp. 2.70 
Bisenhart, Non-Riemannian Geometry, 1927, viii, 184 pp.; 
reprinted, 1934, viii, 184 pp. 2.70 
9. G. D. Birkhoff, Dynamical Systems, 1927, viii, 295 pp. 3.35 
10. A. B. Coble, Algebraic Geometry and Theta Functions, 1929, 
viii, 282 pp. 3.35 


11.* D. Jackson, The Theory of Approximation, 1930, viii, 178 pp. 
12.* S. Lefschetz, Topology, 1930, x, 410 pp. 


* Out of print. 
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13. R. L. Moore, Foundations of Point Set Theory, 1932, viii, 486 


pp. 
14. J. F. Ritt, Differential Equations from the Algebraic Stand- 
point, 1932, x, 172 pp. 
15.* M. H. Stone, Linear Transformations in Hilbert Space and 
their Applications to Analysis, 1932, viii, 622 pp. 
G. A. Bliss, Algebraic Functions, 1933, x, 218 pp. 
J. H. M. Wedderburn, Lectures on Matrices, 1934, viii, 200 pp. 
M. Morse, The Calculus of Variations in the Large, 1934, x, 
368 pp. 
R. E. A. C. Paley and N. Wiener, Fourier Transforms in the 
Complex Domain, 1934, viii, 184 pp. + portrait plate. 
J. L. Walsh, Interpolation and Approximation by Rational 
Functions in the Complex Domain, 1935, x, 382 pp. 
J. M. Thomas, Differential Systems, 1937, x, 118 pp. 
C. N. Moore, Summable Series and Convergence Factors, 1938, 
vi, 105 pp. 
. G. Szegé, Orthogonal Polynomials, 1939, x, 401 pp. 
24. A. A. Albert, Structure of Algebras, 1939, xii, 210 pp. 
25. G. Birkhoff, Lattice Theory, 1940, vi, 155 pp. 


* Out of print. 
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